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Abstract

We present a new roadmap for a rod-shaped robot operating in a
three-dimensional workspace, whose configuration space is diffeo-
morphic to R® x $2. This roadmap is called the rod hierarchical
generalized Voronoi graph (rod-HGVG) and can be used to find a
path between any two pointsin an unknown configuration space us-
ing only the sensor data. More importantly, the rod-HGVG serves
as a basis for an algorithm to explore an unknown configuration
space without explicitly constructing it. Once therod-HGVG is con-
structed, the planner can useit to plan a path between any two con-
figurations. One of the challenges in defining the roadmap revolves
around a homotopy theory result, which asserts that there cannot be
a one-dimensional deformation retract of a non-contractible space
with dimension greater than two. Instead, we define an exact cellu-
lar decomposition on the free configuration space and a deformation
retract in each cell (each cell is contractible). Next, we “ connect”

the deformation retracts of each of the cells using a roadmap of
the workspace. We call this roadmap a piecewise retract because it
comprises many deformation retracts. Exploiting the fact that the
rod-HGVG is defined in terms of workspace distance measurements,
we prescribe an incremental procedure to construct the rod-HGVG
that uses the distance information that can be obtained from con-
ventional range sensors.

KEY WORDS—motion planning, sensor-based planningﬁ
rod-shaped robot, Voronoi diagram, roadmap, exploration, r

tract, piece-wise retract

1. Introduction

Sensor-based Planning
for a Rod-shaped
Robot in Three
Dimensions. Piecewise
Retracts of R3 x §2

notion of direction) operating in a three-dimensional space.

Unlike robots that can be modeled as a point, rod-shaped
robots have rotational degrees of freedom in addition to trans-
lational degrees of freedom. This problem is challenging be-

cause the robot is operating in a three-dimensional workspace,
thus making the configuration space a five-dimensional non-
Euclidean space. More specifically, the configuration space is
diffeomorphic toR® x $2.

Our approach is based on a structure called a “roadmap”.
We interpret from the work of Canny (1988) that a roadmap is
aone-dimensional subset of the configuration space that satis-
fies the following properties: (i) accessibility, (ii) connectivity,
and (iii) departability. This means that if there exists a path
between two configurations, we can determine a path by first
finding a path to the roadmap from the start configuration,
then following the roadmap, and then finding a path from
the roadmap to the destination. If a planner can construct a
roadmap in a given environment with sensor data, then the
planner has in essence explored the configuration space be-
cause the planner can then use the roadmap to find a path
between any two configurations.

In this paper, we introduce a new roadmap for a rod in an
unknown three-dimensional workspace, called ribek hier-
archical generalized Voronoi graph (rod-HGVG) (Figure 1).

s its name suggests, the rod-HGVG is one of the roadmaps
ggrived from the generalized Voronoi diagram (GVD; Auren-
ammer 1991). As shown in Figure 2, the work in this paper
represents a step toward the ultimate goal of motion planning
for highly articulated robots (such as snake robots). Previous
work in this line of research extended the GVD method in
two directions: the point-HGVG (Choset and Burdick 2000a,

In this paper, we present a new structure for sensor-basg@00b), whichis a roadmap for a point in a three-dimensional
planning for a rod-shaped robot (i.e., a line segment with\sorkspace, and the rod-HGVG (Choset and Lee 2001), which
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is aroadmap for arod in the plane. Naively one could view the
work in this paper as a combination of these two roadmaps
to define a new roadmap for the rod operating in a three-
dimensional space.
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We seek to define the rod-HGVG in terms of a deforma-
tion retract (Bredon 1995). One of the challenges in defining
the rod-HGVG is due to a homotopy theory result (Bredon
1995), which asserts that there cannot be a one-dimensional
deformation retract of a non-contractible space with dimen-
sion greater than two. Instead of defining the roadmap as a
deformation retract of the entire configuration space, we first
define an exact cellular decomposition on the free configura-
tion space so that each cell is contractible. Then, we connect
the deformation retracts of each of the cells using a roadmap
of the workspace. We call this roadmap a piecewise retract
because it comprises many deformation retracts.

Itis important to note, however, when the planner uses the
rod-HGVG to either navigate or explore, it does not explicitly
define or construct a decomposition. The decomposition itself

Fig. 1. Samples from the swept volume of the rod-HGVG iﬁSJUSt used .to prove -the mad"T‘ap properties of the rpd—HGVG.
The outline of this paper is as follows. In Section 2, we

a rectangular environment. The walls are removed to Shochcuss the prior work on which this work is based. In Sec-

the inside of the box. The dark “lines” represent the config- , s . .
urations that are three-way equidistant, and the gray regigtlllf%n 3, we define the rod-HGVG iR’ and, in Section 4, we

! . - ow that the rod-HGVG indeed satisfies the roadmap condi-
represent the configurations that are four-way equidistant. For : .
! . _tions (Canny 1988) under the assumption that the point-GVG
this example, the set of three-way and four-way equidistan

configurations form a roadmap of this environment IS connected in a given environment. In_Section 5, we briefly

' show how to construct the rod-HGVG incrementally. Then,
in Section 6, we extend the rod-HGVG so that the rod-HGVG
is connected if the point-HGVG (Choset and Burdick 2000a)
is connected. The point-HGVG is an extension of the point-
GVG, which is connected in a wider range of environments

Workspace : R’ Workspace : R’
HGVG: than the point-GVG. Finally, in Section 7, we summarize this
DP31 work and consider some future directions in which the current
GvD ‘ work can be extended.
o . 2. Relation to Prior Work
2.1. Robot Motion Planning
e oo e Motion planning algorithms can be classified into classical
Rod-HGVG: methods and sensor-based methods according to what infor-
R . Definitions & ‘ mation is assumed or used by each of the algorithms. The clas-
0d-HGVG: Incremental Construction . .
DR2I sical methods assume complete knowledge about the environ-
DR22 ment, or even the configuration space, while the sensor-based
E methods perform the planning using only the sensor-provided
Rod A information. The classical methods can generate more effi-
ODiniaing & Yap (34 cient paths compared to the sensor-based methods since they
Brooks [8] can use information that the sensor-based methods cannot.
Choset & Burdick [13] Motion planning methods—classical and sensor-based—
Convex Near Term Future Work include the potential field methods, cell decompositions
: Pisula et al. [37] (Latombe 1991) and roadmaps. The potential field methods
Highly (Khatib 1986; Khosla and Volpe 1988; Koren and Borenstein
Articulated Long Term Goal 1991; Borenstein and Koren 1998; Chuang and Ahuja 1998)
Robot use an artificial vector field defined on the free space, which

gulls the robot toward the goal position and pushes the robot

Fig. 2. The overview of roadmaps derived from the GVD. Th wav from the obstacle boundaries. Then. a path between two
references indicate work related to each of the environmena%s y ! ap

and the robots, and are not necessarily derived from the GV c')nflgur'atlons can be found' by solving a d|fferent|§1I equa-
ion defined by the vector field. In general, potential field

methods are not complete since there can be local minima
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where the robot may become trapped. The cell decomposi-
tion methods (Brooks 1983; Brooks and Lozano-Pérez 1983;
Kuan, Zamiska, and Brooks 1985; Noborio, Haniwa, and Ari-
moto 1989) first decompose the free space into cells such
that, in each of the cells, the motion planning is simple, and —
then represent the adjacency relation between cells using a .
connectivity graph, which is used to find a path between the
cells. A roadmap is a one-dimensional subset of the space,
which is accessible to and from any point in the space and has »
a connected component in each connected component of the
free space. The visibility graph (Nilsson 1969) is an example
of a roadmap.

Recently, there have been active developments in the rdfig. 3. The point-GVD or the GVD is the set of points
dom or probabilistic methods (Overmars 1992). Specificallgquidistant to two obstacles in the plane.
the probabilistic community (Kavraki and Latombe 1994;
Kavraki et al. 1996; Latombe et al. 1996; Kavraki 1997;
LaValle 1998; Wilmarth, Amato, and Stiller 1999; Kuffner and
LaValle 2000) has successfully demonstrated the capabiliti
of probabilistic roadmaps for highly articulated robots. These
probabilistic roadmaps are, in general, relatively easy to im
plement and can solve planning problems in high dimension
quickly compared to other methods by trading off the notion
of completeness with probabilistic completeness. This meal
that the probabilistic roadmaps may not be connected even (a) (b)

when the workspace is connected. Many probabilistic meth- . . . :
ods do not construct the configuration space prior to pIanninI'}'g' 4.(a) The GVG is shown with darklines. Inthis example,

but still require prior knowledge about the workspace, whicéere are two disconnected components of the GVG. (b) The

implies that they cannot be implemented in a sensor-baseg'VG’ the GVG with the higher-order GVG edges forms a

way. However, recently, Yu and Gupta (1999) developed a%onnected set.

algorithm that can construct a roadmap in a sensor-based way
using probabilistic technique.

In a three-dimensional workspace, the GVD is two-
dimensional and therefore cannot be used as a roadmap. The
generalized Voronoi graph (GVG) is the three-dimensional
As we have noted before, the rod-HGVG is based on thanalog of the GVD and is defined as the set of points equidis-
roadmap approach. Canny (1988) developed a roadmap talat to three obstacles. The GVG is one-dimension&3in
gorithm that can be used in any configuration space that chat, unfortunately, the GVG does not form a connected set.
be represented as a semi-algebraic set. More specifically, i€hoset and Burdick (2000a) defined additional structures to
configuration space represented usimgplynomials of max- connect the disconnected components of GVG, resulting in
imum degreel for some positivel, Canny showed that any the hierarchical generalized Voronoi graph (point-HGVG; see
motion planning problem can be solved;if(logn)d©*"  Figure 4). They also provided an incremental construction al-
time using his roadmap algorithm, wherés the number of gorithm for the point-HGVG that uses only range-sensor in-
degrees of freedom (Sharir 1997). formation (Choset and Burdick 2000b). We review the point-

O’Dunlaing and Yap (1985) first applied the GVD (seeHGVG in more detail in Section 6 when we extend the rod-
Figure 3) to define a roadmap for a disk-shaped robot opd#GVG using the point-HGVG. Also Pisula et al. (2000) con-
ating in plane. The GVD is the set of points equidistant tgidered motion planning for an arbitrary body operating in the
two obstacles, and can be defined using line-of-sight sengbree-dimensional space, using the point-GVG. However, the
data. Inthe plane, the GVD is a collection of one-dimensionabbot was restricted to performing translational motions only.
sets. O’Danlaing and Yap (1985) showed that the GVD is a Finally, it is worth noting that one of the approaches to
deformation retract of the free space and thus can be usedraprove the connectivity of the probabilistic roadmap is to
a roadmap for the point robot in the plane. Later, motivatedse the GVD. For example, Foskey et al. (2000) developed
by the sensor-based construction method of Rimon (1998 hybrid algorithm, which constructs a path for an arbitrarily
Choset and Burdick (2000a) developed a method to increhaped-robot in three-dimensional space using a randomized
mentally construct the GVD ifR2. planner along with the GVD.

2.2. Related Roadmap Approaches
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2.3. Rod-related Work

The work of ODUnlaing, Sharir, and Yap (1986) motivates [ Ro
our approach in that they use workspace distance measure J/
ments to define their roadmap. They extended their disk result
(O’Dunlaing and Yap 1985) to rod-shaped robots in a planar
environment, using a concept called a “racetrack”, which is
the set of the points whose distance to the robot is smaller than
some fixed value. The backbone of their roadmap is the set of
configurations where three or more obstacles are tangenttc ~ CF14s
the racetrack, i.e., triple or more equidistant in the workspace.
Cox and Yap (1991) developed an “on-line” strategy for rod
path-planning, which can be used for a start-goal problem, N O Fysg
but does not construct a roadmap at all; this method is just a .
navigation algorithm. Cs

Choset and Burdick (1996) and Choset and Lee (2001)
developed a roadmap called the rod-HGVG in the plangig. 5. Swept volumes (sampled placements) of the rod in a
(Figure 5). This structure provides the groundwork for th@lanar workspaceCF,4s and CF s are the rod-GVG edges
roadmap for the rod-shaped robot in three dimensions, whiglefined by the three obstacles with the corresponding indices.
is the prime contribution of this paper. The planar I’Od-HGVQQ24 is the one-tangent edge defined®@yandC,.
consists of two types of components: the first are the rod-
GVG edges, which are the sets of configurations equidistant to
three-obstacles; the second are the one-tangent éddesh
are tangent to the point-GVG edges. In essence, they defin;
cellular decomposition of the free configuration space, su
that a deformation retract (the rod-GVG edge) can be defin
in each cell, and connect up these deformation retracts d .
ing another structure (the one-tangent edge) derived from t GV_D can be shoyY n EO b_e a deformation retract of the_ free
connectivity of the workspace (the point-GVG). Both the rogsPacemn the plane (O'Dunlaing -and Yap 1.98":.’)' and thus itcan
GVG edge and the one-tangent edges are defined in terméJSfused as a_rogdmap for a point °pefa“”9 n thg plane.
the workspace distance function, and therefore the rod-HGVéB However, it is not generally possible to define a one-

can be constructed using only sensor-provided informatiora'mensional deformation retract ir_1 a space_with o_limension
g ony P greater than two (Bredon 1995). Since the dimensions of the

. . . . configuration space for the rod in three dimensions is five,
3.Rod '__“ergmh'caj Generalized Voronoi we cannot define a roadmap that is a one-dimensional defor-
GraphinR mation retract of the entire free configuration space of the
F]%d' Instead, our approach is to decompose the free config-

Using distance measurements in workspace, we define . . .
the rod-HGVG in a three-dimensional space, i.e., a fiydiration space into contractable regions, and then to define

dimensional configuration space. Throughout this section, Vglgform_atlon retracts in each cell. These deformation retracts
e defined so that the robot can access and trace the deforma-

assume that the point-GVG is connected in the workspacg, ) : I~
and we define the rod-HGVG which is connected under thjon retract of each cell without computing the decomposition

assumption. explicitly. '
In general, these deformation retracts are not connected to

each other and thus do not form a roadmap. To connect the

3.1. Piecewise Retracts ] . .
o . . disconnected deformation retracts, we define new structures
The rod operating iiR® has five degrees of freedom (i.e., thre%sing the point

Cs Cs

ea{ormation retractis connected for a connected space. Hence,
one can find a one-dimensional deformation retract of the

Ige configuration space, then one can use the deformation
tract as a roadmap. For example, as we mentioned above,

2o ) by obstacles. In this section, we assume that the point-GVG
HGVG isinspired by a structure called a“deformation retracts’ connected in a given environment, and show that the rod-
(Munkres ZIOOO)' ;or agiven Ispal;:e, a ?e:lorma'uon retrﬁ_ctho VG (the deformation retracts and the additional structures
space is a lower-dimensional subset of the space to which e using the point-GVG) forms a connected set, and thus
space itself can be continuously contracted. By def|n|t|on,éaan be used as a roadmap. We call this collection of deforma-

1. In Choset and Burdick (1996) and Choset and Lee (2001), the one-tangg_ﬁ{n retracts a piequise retract. It is interesting to note th_at
edges are calleft-edges. since the deformation retracts of the cells are connected using
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the point-GVG, the planner is inferring the topology of the
configuration space from the the topology of the workspace.

3.2. Overview of the Rod-HGVG Structures

Since the rod’s configuration space has five dimensions, it is
natural to first define a five-way equidistant structure, which
we call the “rod-GVG edges”. As in the planar rod-HGVG,
the rod-GVG edges are not connected to each other, and do
not form a roadmap themselves. So, just like the planar rod-
GVG, it seems natural to use the point-GVG edgeRirto
connect the rod-GVG edges. Here, we define the one-tangent
edges, which are tangent to the point-GV@Rihjust as the
one-tangent edges for the planar rod-HGVG are tangent kag. 6. Rod-shaped robot in three-dimensional workspace.
the point-GVG in the plane. That is, the one-tangent edg&$ie arrowhead is used to distinguish between two endpoints
are the set of configurations equidistant to three obstacles asfdhe rod. It has five degrees of freedom in three dimensions,
tangent to the point-GVG. and can be parametrized byy, z, 6, andg, where(x, y, z)

Alas, there is still a problem: to transition from a five-wayare the coordinates of one of the endpoints of the rod st
equidistant structure to a three-way equidistant structure,¢gitdefine the orientation of the rod represented as Euler angles.
would stand to reason that we would need an additional four-
way equidistant structure. Moreover, there is a bigger prob-

lem: there are environments where the rod-GVG edges do not ' . : .
cell, we define one-dimensional deformation retracts called

exist at all. This is due to the fact that the rod operates m‘%No-tangent edges”. These deformation retracts are called

three-dimensional workspace, in which, in general, no ﬁvﬁ\_/vo-tan ent edges because thev are tangent to a point two-
way equidistant configurations necessarily exist. Thus, if the gel 9 L Y ng P
ay equidistant facéyhich is two-dimensional, whereas the

rod were not “long” or the environment were not cluttered.
99 - ) . One-tangent edges are tangent to a point three-way equidis-

there would not be five-way equidistant configurations. In- . i~ L e .
i ' . .. [tant face (i.e., a point-GVG edge), which is one-dimensional.

stead, the four-way equidistant configurations always exist f% summary. the rod-HGVG is defined as the union of these
the rod with an arbitrary length in an arbitrary environmen%}v Y

This motivates us to use the four-way equidistant configur. aree components: rod-_GVG e_dges, one-_tangent edges, and
tions as a building block for the rod-HGVG. o-tangent edges. _In this _secﬂon, we define each of the rod-
- ' HGVG components in detail, and we show that the rod-HGVG

Actually, the sets of the four-way equidistant configura; . .
. . - . . A forms a roadmap in Section 4.
tions, which are two-dimensional, are the first deformation re-
tracts that we define for the rod-HGVG in a three-dimensional
space. Like the rod-GVG edges of the planar rod-HGV@3-3. Rod and Distance Definitions
the sets of four-way equidistant configurations induce a Ce*’he definition of the rod and the distance function in three
luar decomposition of the free configuration space and can Bﬁnensions is analogous to that in plane.
shown to be deformation retracts of the cells.

For the moment, let us not worry about these deforma-
tion retracts being two-dimensional. We connect these tw&EFINITION 1. [Rod] A rodR is a line segment of length
dimensional four-way equidistant deformation retracts witMith @ notion of direction, which has two endpointsand
the one-tangent edges and the rod-GVG edges. Here, we @&e€ R® and whose configuration can be parametrized by
the topology of the workspace to ensure connectivity of & = (x. . 2,0, ¢)" (Figure 6).
structure, albeit not a roadmap yet, in configuration space. _ . .

One can view the rod four-way equidistant faces as the _The coordinatesr, y, z) Specify the position of the end-

structure that links up the one-tangent edges. Recall that tﬂ%'nf[P’ an_de andp define the orientation of the rod atggivgn
point-GVG edges are connected together at the point—G\/Egnf'gura.t'om' The symbolk (¢) denotgs the set O.f points in
meetpoints, which are the four-way equidistant points. Th occup:jed by the rod (\;vhen the rﬁd IS a_t a conf]:gﬁrat;og
is, the point-GVG meetpoints are the places where the po 0, Wef henotgu (qéan Q(q)has the positions of t ehen )
robot can move from one point-GVG edge to another poinP°!Nts Of the rod an@Q(q) as the vector (¢) — Q(q) when

e rod is at the configuratian

GVG edge. Likewise, the rod four-way equidistant faces catrii]

be seen asthe setinwhichthe rod travels from one one—tangenwe assume that the rod operates in a bounded workspace
edge to another one-tangent edge. populated by the convex obstacles, denoted’hyThe con-

Inthe final step, we recursively define anew decompositio‘ﬁ"ve obstacles can be modeled as a union of convex obstacles
on the two-dimensional deformation retracts and, within eachThe set of points in the workspace that are equidistant to two obstacles.
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as discussed in Choset and Burdick (2000a). The free config-
uration spac€&CSis the set of rod configurations that do not
intersect any obstacles. In other words

FCS={g e R*x §*: R(g) N C, =P Vi}. (1)

As mentioned above, the rod-HGVG is defined using
workspace distance measurements.

DerINITION 2. [Rod-Distance Function] The rod distance ' VRS '
function D, : FCS— R is defined as ’

bita) = reRU G =l (2)  Fig. 7. The obstacles are identified using the local minima
of the sensor reading along the length of the rod. In this
C;, andci(q) as the closest point on the obstacleto the  three local minima of the sensor readingratr,, andrs.
rod. The rod distance gradient is denotedWo;, and itis  Note that even ifC, is a single concave obstacle, the robot
represented as a function of the veator- ¢; and the point  gees it as two obstacles. The locations-fc,, andc; can

ri (see Appendix A for the derivation of the rod distance grag|so he computed from and the values of the sensor reading.
dient). This implies that the rod distance cannot be defined

if r; cannot be uniquely defined. For example, if the rod is

parallel to one of the flat faces of an obstacle, then the closest

point between the rod and the obstacle cannot be uniquely g@nfigurations. The rod four-way equidistant faces are two-

fined. In this paper, we assume that the walls of the obstac/dinensional and thus are not components of the rod-HGVG.

are “slightly curved” so that the rod distance gradient can gdowever, they are important in our discussion, since they are

always defined. the first deformation retracts used in defining the rod-HGVG.
Note that we measure the distance in the workspace, aRMen if the rod in three dimensions has five degrees of free-

this distance can be easily provided by the range senséf@m. we do not consider the five-way equidistant configu-

placed along the length of the rod. This distance function cdations as deformation retracts, which, as we see later, may

be measured using a series of range sensors along the lengthfeven exist at all. In contrast, the rod four-way equidis-

the rod (see Figure 7). Each range sensor registers a distalf¢t face_s are guaranteed to exist because of the boundedness

measurement, and then one can find the location of the rarggsumption.

sensor where the distance measurement is smaller than thos¥Ve define the rod four-way equidistant faces by intersect-

of the adjacent range sensors. Each of these local minimal@@ the rod two-way equidistant faces, which are defined as

the sensor readings corresponds to the distance to an obstacle

visible from the current rod configuration. Thatis, the number CFii = {9 € F§:0=Di(g) = D;(q) = Di(q)

of local minima of the sensor reading represents the number Yh # i, jandVDi(q) # VD;(q)}. 3)

of obstacles visible from the current configuration, and the -
point r; is the point where one of the local minima of the! N€ last conditiorV D;(¢) # VD;(q) guarantees thatF;

sensor reading is attained. Likewise, the closest point on tife? four-dimensional structure under the pre-image theorem
obstaclec;, which is needed to trace the one-tangent edgégPraham, Marsden, and Raitu 1988). o

and the two-tangent edges, can also be computed from theThen, the rod three-way equidistant face is defined as
position ofr; and the value of the sensor reading. This model _

requires an infinite number of sensors along the length of the CFij = CFy; 0 CF N CFRy. )
rod, but it can be reasonably approximated by a finite numbﬁlrote that for a rod operating in a three-dimensional

of range sensors. We delay investigating the issues of Senﬁ%rkspace, the rod three-way equidistant face is a three-

quantization until future work. dimensional structure. Continuing this process, we define the

rod four-way equidistant face as follows.

3.4. Rod Four-way Equidistant Faces (Deformation Retract) o
DerINITION 3. [Rod Four-way Equidistant Face]

Now we define the rod four-way equidistant faces, which
are, as the name suggests, the sets of four-way equidistant CF;ju = CF;;; N CF;, N CF;y N CFyj. (5)

3.1n simulation, where we have obstacles with flat faces, we can have in- Later, we show that the rod four-way equidistant faces are
finitely many closest points on the rod to the obstacle, lying on a close

interval on the rod. In this case, we take the middle point as the closest poffgformation r_eFraCtS of the Su_bsets of the free_ corjfigurgtion
ri. Fore;, we also use the same approach. space by defining a deformation retraction which is derived
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from fixed-orientation gradient ascent. Since the configuravhere cl-) denotes the closure of a set. Again, the boundary
tion space for the rod with a fixed orientation is essentiallgdges may not exist always. Recall that the boundary edge
just the three-dimensional Euclidean space, one can easily e, {p € R® : d,(p) = d;(p) = 0}) is considered as a
that an arbitrary rod configuration can access a rod four-wapmponent of the point-HGVG. However, we do not consider
equidistant configuration. the boundary edges as components of the rod-HGVG. The
If the rod were “short”CF;;; would be homeomorphic to motivation for this will be clear in Section 4.2, but essen-
S2, the two-dimensional sphere. This can be easily shown #ally we use the boundary edges as links that connect discon-
follows. Let g be an arbitrary rod configuration in the freenected components of the rod-HGVG, rather than a formal
space with orientationi9, ¢) € S$%. Consider a configura- component of the rod-HGVG, and we trace them only when
tion space of the rod with fixed orientation ¢, ¢). This necessary.
configuration space is a three-dimensional Euclidean space
bounded by convex obstacles, and thus we can find a foys Rod-GVG Edges

way equidistant point in this configuration space, i.e., the _
four-way equidistant configuration of the rod with the ori-The rod-GVG edges are the first component of the rod-HGVG

entation (6, ¢) € S2, which implies that the rod four-way which we formally define. As discussed above, the rod-GVG
equidistant faceCF,;, is homeomorphic tas2. Also, if the ~€dge is defined as the set of five-way equidistant rod config-
rod were short, there would be a one-to-one corresponderi#@tions, which also can be represented as the intersection of
between the point-GVG meetpoinf,, in a given workspace the rod four-way equidistant faces.

andCF;;;, in the configuration space derived from the givethernition 5. [Rod-GVG edges]

workspace. This can easily be seen; if the rod has zero length,

then for any given point-GVG meetpoif};,,, there is a four- CFijum = CFiu N CFim N CFjm

way equidistant face which is ju€F;, = {¢ € FCS: A CF,,, NCF,.. @)
x(9), ¥(@), 2(q)) = Fyu, 0(q), $(9)) € 52} ' '

If the rod were short, the rod four-way equidistant faces |nthe rod configuration spa@® x $2, the collection of rod-
would be disconnected from each other. From the observatigyG edges is not necessarily connected. The rod-GVG edges
above about the relation between the rod four-way equidistaé}te homeomorphic t8?! if there are no boundary edges and
faces and the point-GVG meetpoints, it is natural to connegbne of the rod-GVG edges intersects each other. Otherwise,
the rod four-way equidistant faces using point-GVG edgetne rod-GVG edges would be homeomorphic to the union of
Just as for the planar rod-HGVG, these structures are callggen intervals oR. If the rod were long enough so that two
one-tangent edges and are defined as the set of three-wgy§-GVG edges intersect each othema-meet configuration
equidistant rod configurations, which are tangent to the poirttj:ijklmn is formed, which is a zero-dimensional set of rod
GVG. We discuss the one-tangent edges in more detail lat@bnfigurations that are six-way equidistant.

If the rod were long, two of the rod four-way equidistant  |n many environments, the rod-GVG edges may not even
facesCF;;, and CF;,,, would intersect each other, and theexist at all. Figure 8 shows a rectangular environment, where
intersection is a set of five-way equidistant configurations, qt ~ W, I > H, andCF;,345 and CF,,s46 are the rod-GVG
arod-GVG edg€F, ., which we discuss later inmore detail. edges. IfZ. were substantially larger than the length of the rod,
Note that, by definitionCF;.;,, also contains the elements ofthere could not be any six-way equidistant configurations, so
CFijin, CFixin, andCF ., as well as the elements 6F;;;  these two components cannot be connected. Now, ifere
andCFj,,. TheseCF;;,,, CFiy,,, andCF ,,, are the four-way  also substantially larger than the length of the rod, then no five-
equidistant faces, which do not have the corresponding poiffay equidistant configuration could exist either (Figure 9).
GVG meetpoints and would not exist if the rod were shorigure 1 also shows an example of a workspace where no rod-
In other words, even if there was no point in the workspacgvG edges exist. Figure 10 shows all of the rod GVG-edges
equidistant to the obstacl€s, C;, C;, andC,,, there could be  jn a simple environment similar to that in Figure 8, where there
at least one rod configuration that is equidistant to these fogfe four disconnected components of rod-GVG edges. (Only
obstacles if the rod were “long”. Later, we need to conside{yo distinct components are identifiable in the figure, since
this fact in proving the connectivity of the rod-HGVG. for each of the identifiable components, there is another rod-

The rod-GVG edge is one of the boundary components gfyvG edge component that occupies same workspace volume
the rod four-way equidistant face. The other is the boundapyt “points” in the opposite direction.)

edges, which are the set of rod configurations that have zeroynlike the rod-GVG edges for the planar rod-HGVG, the

distance to the four obstacles. rod-GVG edges in three dimensions are not considered to be
DEFINITION 4. [Boundary edge] the deformation retracts of the subsets of the free configuration
space. Rather, the rod-GVG edges are the boundary compo-

Biju = {g €cl(CFy) : nents of the deformation retracts, which are the rod four-way

D;(q) = D;(q) = Di(q) = Di(q) =0}, (6) equidistant faces. Since a rod-GVG edge is the intersection
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Fig. 8. Here, there are two sets of rod configurations that Cs

are five-way equidistant. The configurationsGf,z,45 are

equidistant taC;, C,, Cs, C4, andCs, and the configurations Fig. 10. The rod-GVG in the above rectangular enclosure
in CFasare equidistant t@';, C,, Cs, C4, andCe. Note that  contains two connected components as depicted by the two
they are not connected to each other. swept volumes in the workspace. The environment is shown
with transparent walls so we can see inside. The rod-GVG
edgeCF,,345consists of the configurations that are equidistant
to the obstacle€;; (left wall), C, (ceiling), C; (right wall), C,4
(floor), andCs (front wall). The other rod-GVG edd@F 1,346

H/?2 W H/3 is defined by the obstacl€y, C,, Cs, C,, andCs (back wall).
— o
CQ D C5
s I nents ofR;;; which occupy the same workspace volume, but

“point” in opposite directions. Moreover, if the point-GVG
edgeF,; terminates on two point-GVG meetpoinks,, and
Fig. 9. Side view of Figure 8 with, > W, L > H, but here Fijwn, thenthe one-tangent edgg;, if it exists, would termi-
the length of the rod is smaller thall — H, and thus the Nate on the rod four-way equidistant faces, ;, andCFy,,.
rod cannot be four-way equidistant @, Cs, Ca, and Cs. If one of the endpoints of thé&;;, is the obstacle boundary,

Therefore, five-way equidistant configurations do not exidhen the one-tangent edgg;, also has an endpoint on the
either. obstacle boundary.

If the rod were long, there might not be &y, for a given
point-GVG edgeF;;,. However, as we show later, in that case
there must be a rod-GVG edge connecting the two rod four-
way equidistant faces, which would have been connected by

of two rod four-way equidistant faces, in some sense, the roghe one-tangent edge. So, either a one-tangent edge or a rod-
GVG edges connect the disconnected rod four-way equidisV/G edge connect two neighboring rod four-way equidistant
tant faces. Actually, we see later that the rod-GVG edges argtes, but not both.

the one-tangent edges perform a dual role in connecting the Now we define the one-tangent edge more precisely. When
rod four-way equidistant faces. C;, C;,andC, define a point-GVG edgg ;,, we presume that:

* Di(q) = D;(q) = D(q);

« the rod is “tangent” ta;;, at a pointr.

3.6. One-tangent Edges

The second component of the rod-HGVG that we define is
the one-tangent edge. As we noted, the one-tangent edge$rom these two conditions, the following can be easily
connect the disconnected rod four-way equidistant faces. T
one-tangent edges are essentially identical to the one-tangent
edges of the planar rod-HGVG edges, where the rod is “tan- «  js the closest point on the rod to the obstadlesC;,
gent” to the point-GVG edge (Figure 11). andC,, i.e., forn =i, j, k,d,(r) < d,(r,) Vr, € R(q).

Just as there is a close relationship between the point-GVG
meetpoints and the rod four-way equidistant faces, there is aThat is, the point where the roR(¢) intersects the point-
close relationship between the point-GVG edges and the or@VG edge is also the closest point on the rod to all of the three
tangent edges. If the rod were “short”, for any given pointelosest obstacles. The proof is similar to the case of the planar
GVG edgeF,;, we could find two connected componentsod-HGVG (Choset and Burdick 1996), where the point of
(disconnected from each other) of the one-tangent étige intersection between the rod and the point-GVG edge is the
due to the symmetry of the rod. That is, there are two compalosest point on the rod to the two closest obstacles.
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Cs

=)

/point-GVG ed

Fig. 12. The swept volume of a single one-tangent edge.
The one-tangent edgR,s, is defined by the obstacles,
(ceiling), C5 (right wall), andC, (floor), and connects two
junction regions.

Fig. 11. The one-tangent edge whekeg,, andg; are con-
figurations on a one-tangent edge associated with obstacles
C,, C,, andCs. The rod intersects the point-GVG at either of
its endpoints{;, g;) except where the distance attains a local
minima, where the rod can “slide” along. The conditions (PQ(g), ¢;(¢) — ¢;(g)) = 0 and
(PQ(q), ci(q)—ci(gq)) = O prescribe thatthe rod be tangentto
the point two-way equidistant facé$ andF;,, respectively.
From these two conditions, it follows that the rod is tangent
, to the point-GVG edgé;;, which is intersection of;; and
This asserts that = r; = r,, wherer;, r;, andr, are the F,.. Note that it also follows that the rod is tangentrg as
closest points on the rod to each obstacle, and the rod m I

intersect the pom_t-GVG edge at poipt M_oreo_ver, Itcan b€ " The rod finishes the tracing of a one-tangent edge when (i)
shown thatthe point of contagion therodis uniquely defined . o5 cpnes o four-way equidistant configuration, (ii) it reaches
af?d,m“St be one of t_he endpplnts of the rod except at the lo%q'l obstacle boundary, or (iii) it detects a cycle. A cycle in the
minima or local maxima of distance to the closest workspace.. .+ ~\/G is a disconnected point-GVG edge diffeomorphic
obstacle along the one-tangent edge. At the local minima ac@sly and if there is a cycle in the point-GVG, there can be
local maxima, the point of contact can be at any point on the one-tangent edge cycle in the rod-HGVG also. However,
rqd. More precisely, atthe local maxima or local minima Ofth%ince we consider only environments where the point-GVG is
distance to the closestobstacle, the point of contact isthe PO¥nnected, there is no one-tangent edge cycle in the context
p on the pomt—GVG edge vv_here the dlstance.tt') the Close&ﬁthe current work. Therefore, we can ignore condition (iii).
obstacle attains a local maximum or a local minimum alongigure 12 shows the swept volume of a one-tangent edge along

the point-GVG edge. Then, the rod slides through this pOiWé? side of a rectangular enclosure and Figure 13 shows the

p as it traces the one-tangent edge, thus changing the poin ept volume of all of the one-tangent edges in the same

the C‘?”taCt from one endppmt to anothéince the tangent environment. Note that the one-tangent edges do not intersect
direction of the point-GVG is normal to the plane spanned by, ., giher, i.e., the union of the one-tangent edges does not
the vectors; — c; andc; —¢;, we have the following definition form a connected set

for the one-tangent edge.

DEFlN_mON 6. [One-tangent edge] A one-tangent edtjg 3.7. Two-tangent Edges
is defined as
Thus far, we have defined the rod-GVG edge, a five-way
Ry = {q €CFy : (PQ(g),ci(q) —c;(q)) =0 equidistant structure, and the one-tangent edge, a three-way
and(PQ(q), ¢:(q) — c(g)) = O}. (8) equidistant structure. As mentioned above, neither the union
of the rod-GVG edges nor the union of the one-tangent edges
4.In general, there are no local maxima of the distance along the point-GVi@erms a connected set. Moreover, the union of the rod-GVG
edge, but if there is an isolated point-GVG edge, homeomorphi¢ {such edges and the one-tangent edges does not form a connected

a point-GVG edge is called a “cycle” in Choset and Burdick 2000a), there agj?t either. Instead, they connect the disconnected rod four-
local maxima of the distance along the point-GVG edge. However, as note ) !

later, since we assume that the point-GVG is connected in this paper, thd¥@y equidistant faces, WhiCh are two-dimensional. L_a_ter we
can be no point-GVG cycles, and hence no local maxima. formally show that the union of the rod four-way equidistant
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Cs lies in the tangent space associated with Therefore, as our
/,/ Cs additional constraint, to travel from;;, to R;; alongCF,;,,
we presume that the rod must remain in the tangent space of
- F;;. The edge formed o6F,;,, with the additional constraint
B of staying in the tangent space Bf is called a “two-tangent
Cy edge” because the rod lies in a two-dimensional tangent space
} (as opposed to a one-dimensional tangent space with the one-
| Ro3y tangent edge). We denote a two-tangent edg® as, where
/ I'. the rod is equidistant t@;, C;, C,, andC, and is in the tan-
C / \ Cs gent space of;. Note that for a rod four-way equidistant face
5 G CF;;u, there are four one-tangent edges that terminate on the
set, and there can be six different two-tangent edges on this
face. If the rod were “short” an@F;;;, homeomorphic t&?,
Fig. 13. The swept volume of all of the one-tangent edges then a two-tangent edg®;,, would be homeomorphic t§*.
the same environment as Figures 10 and 12. Each one-tangéfite rod were long an€F,;, had “holes”,R,;,;, would be
edge terminates either on the obstacle boundary or onaaunion of sets, each homeomorphic to a closed interv&l of
four-way equidistant configuration. For example, both of thashose boundary point is a configuration on either a boundary
end configurations of the one-tangent edye are four-way edge or a rod-GVG edge.
equidistant configurations, but only one of the end configu- Figure 14 shows an example where a point two-way
rations of the one-tangent ed@e;s is a four-way equidistant equidistant face is homeomorphic to a bounded subset of the
configuration and the other is a boundary configuration. Nofgtane. Here, the rod is “tangent” #.....si..- When the rod
that the one-tangent edges are disconnected from each otieemoving fromg, to gs, and “tangent” toF, .. si.,» When
moving fromg; to ¢,. Figure 15 shows a single two-tangent
edge in an environment and Figures 16 and 17 show all of the
two-tangent edges in the same environment.

Rs3ys

DEFINITION 7. [Two-tangent Edge] The two-tangent edge is
faces, the one-tangent edges, and the rod-GVG edges fo%‘ﬁnally defined as follows:

a connected set. However, since the rod four-way equidis-
tant faces are two-dimensional, we still need to define a one-Riju = {g € CF;i; | (PQ(q), (ci(q) —¢;(g))) = 0}. (9)
dimensional structure on the rod four-way equidistantface to |, ... o chown that a two-tangent edge., is a one-

Obfén ZI?;]:(;dlmrig?ggr?Ie:joa?r:na;ddition o bein Onedimensional manifold (Appendix F). Since sensors can easily
dimensional )t/his new four'-wa equidistant structugre mu%)rovide distance information and the planner can determine
' y €q te closest points on the rod to the closest obstacles from

?oivfwtgeefOlIJ%Vg?smp;?rﬂgﬂfs'milgtfoﬁrr:sachi_r?elgigsé(;? e sensor information, the two-tangent edge can be readily
y €d %'?)nstructed using only sensor-provided information.

a single rod four-way equidistant face. Otherwise we wou Now we have defined all of the necessary components

need additional structures to connect them. Secondly, thisnew,, .~ 11~/ \hich comprises rod-GVG edges, one-
four-way equidistant structure must intersect the one-tanget hgent edges ar;d two-tangent edges '

edges terminating on the four-way equidistant face or the rod-
GVG edges on the four-way equidistant face. This second coReFINITION 8. [Rod Hierarchical Generalized Voronoi
dition gives us the motivation to define the one-dimension&raph] The collection of rod-GVG edges, one-tangent edges,
four-way equidistant structure. and two-tangent edges forms the rod-HGVG, i.e.

Consider the rod four-way equidistant fecl€; ;;, with one-
tangent edgeR,;, andR;; each terminating at configurations Rod-HGVG= ( U CFijian) U (U Riji) U (U Rijju)
in CF,;,, (boundedness of the workspace ensures this can hap- bgkelim bk bkt
pen). ForR,;;, the rod lies in the tangent space associated with Table 1 shows the rough correspondence between the com-
the point-GVG edge$;;.. Recall that theF;, is the intersec- ponents of the point-HGVG, the rod-HGVG in the plane, and
tion of the three point two-way equidistant faces. A point twothe rod-HGVG in three dimensions. Note that we do not in-
way equidistant facg;; is the set of points that are equidistaniclude the boundary edges as components of the rod-HGVG
to two obstaclesC; andC;, and has two dimensions. There-because, as discussed in the next section, we do nottry to trace
fore, if the rod is in the tangent spacef;, this implies that all of the boundary edges, but instead use them as links that
the rod lies in the tangent spaceddf F;,, andF;, atthe same connect the disconnected components of the rod-HGVG.
time. Likewise, for the configurations iR;;;, the rod lies in Figure 18 shows the edges of the rod-HGVG near a cor-
tangentspaces;, F;;, andF ;. Note that, in both cases, the rodner of the environment, where the two-tangent edges connect
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Fig. 14. (a)q1, ¢-, g3, andg, represent four-way equidistant configurations. They are also terminal configurations of different
one-tangent edges. (b), (c), and (d) show two-tangent edges that connect some pairs of one-tangent edges. The figures do not
show the complete two-tangent edges in each case. In these cases, each of the two-tangent edges are diffesfambhic to

on each of the two-tangent edges, the rod can fully rotate until it reaches the original configuration.

a GVG-edge and one-tangent edges, and also connect os&mne environment. Note that, in this example, the rod-HGVG
tangent edges to other one-tangent edges. Figure 19 shdarsns a connected set without the rod-GVG edges. Figure 22
all of the edges in the same environment. Figure 20 showbkows another example of the rod-HGVG in a rectangular en-
an example of a “large” environment with a “short” rod (see&ironment with a block in the middle of the room (see also
also Extension 1). Here all of theF,;, are homeomorphic Extension 2).

to 2, and thus there are no rod-GVG edges. Figure 20 shows

four one-tangent-edges connected by six two-tangent-edges,

forming a connected set. In other words, it is possible fof. Roadmap Properties of the Rod-HGVG in R3

the rod to travel from the endpoint of a one-tangent-edge to

the endpoint of any other one-tangent-edge using only ohe this section, we discuss the roadmap properties of the
two-tangent-edge. Figure 21 shows all of the edges in thed-HGVG. We recall that the roadmap is a union of one-
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Table 1. Comparison Between the Components of the Point-GVG, Rod-HGVG in Plane, and Rod-HGVG in R?

Rod-HGVG Rod-HGVG in
Point-GVG in the Plane Three Dimensions
Point-GVG Meetpoints Rod-GVG edges CF,;i; (which lead

to two-tangent edges)
Two-tan-edges

Point-GVG edges One-tan-edges One-tan-edges
Rod-GVG edges
Junction regions retract to Junction regions retract
CF,;; (rod-GVG edge) tCF;
(three-way equidistant) (four-way equidistant)
Cs
\_/\ 06
Cy...
T . Cy
/ c
Cs ’
45/23

Fig. 16. All of the two-tangent edges in the same environment

Fig. 15. A single two-tangent edgeys »;, equidistant to the as Figure 10.

C, (ceiling), C; (right wall), C, (floor), andCs (front wall),

and “tangent” to the point two-way equidistant face defined

by the obstacleg’, (floor) andCs (front wall) in the same

environment as Figure 10. This two-tangent edge is not

diffeomorphic toS* since there is a rod-GVG edge, at whichthree gradient ascent operations implicitly defines a function

the two-tangent edge terminates. H : FS x [0, 1] — UCF;;,. More specifically,H is defined
as follows. First, while maintaining a fixed orientation, the
rod moves away from its closest obstacle, i.e., the rod traces
the solution of

dimensional subsets of the free configuration space, which &(1) = VD (c(1)), (10)

has the following properties: (i) accessibility, (ii) departibility,

and (iii) connectivity. In Section 4.1, we discuss accessibilityintil it reaches a configuration equidistant to two obstacles

in detail, and connectivity is discussed in Sections 4.2-4.6, andC;. Then, while maintaining double equidistance and

Departibility can be shown using accessibility applied in thg fixed orientation, the rod moves away from the two closest

reverse direction. obstacles until it reaches a configuration equidistant to three
obstacle”;, C;, andC,. Thatis, the rod traces the solution of

4.1. Accessibility
é(t) =TT

ot

_ ) icr,; VDi(e(1)), (11)

The rod accesses the rod-HGVG via four gradient ascent op-

erations: the first three use a fixed orientation gradvem(x) whereT,,CF;; denotes the tangent spaceGs;; at the con-
that directs the rod to increase distance to the closest obstadlgaration c(t) and ¢, is the projection operator onto
while maintaining its orientation; the last gradient ascent oghe tangent spacg.,,CF;;. Finally, while maintaining triple
eration uses the full gradiemtD; (x). The sequence of the first equidistance and a fixed orientation, the rod moves away from
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Fig. 17. Top view of all of the two-tangent edges in the same
environment as Figure 16. Fig. 19. Swept volume of all of the edges of the rod-HGVG.

one-tangent edges
two-tangent edges

1
1 C[
Rys /23 \\\ ’

R3y5

one-tangent edges

Fig. 18. Swept volume of the edges of the rod-HGVG nee
a corner of an environment. The rod-GVG eddeF {345
and the one-tangent edge®,{, and Rs4s) are connected by
two-tangent edgesRbs/zs and Rys,23). b

the three closest obstacles until it reaches four-way equid._
tance. That s,
. Fig. 20. A set of one-tangent edges connected by two-tangent
¢(t) = 1y e,y VDi(c(1)). (12)  edges in an environment. There are no rod-GVG edges in

h CE.. is th i &F . at th . this environment and the union of the one-tangent edges and
where T, CF; 1S the tangent space @, at the config- g two-tangent edges forms a connected set.
uration ¢(¢). From the boundedness assumption, after this

operation, the rod is guaranteed to terminate at a four-way

equidistant configuration. This sequence of gradient ascent

operations defines the mappi#f We assume that the pa- This step terminates at either of the following: (i) five-way

rameterr is scaled appropriately so thai(¢,0) = ¢ and equidistance (i.e., arod-GVG edge) or (ii) a two-tangent edge.

H(g,1) € UCF,;,. Note thatl(¢) = 0(H (g, t)) and¢(q) = In Appendix B, we show that once the rod achieves four-

¢(H(g,1)) forall r € [0, 1]. way equidistance, continued gradient ascent (full gradient as-

The mapH directs the rod to a four-way equidistant concent) brings the rod either to a two-tangent e&gg, or to a

figuration, which may not be on the rod-HGVG. To bringrod-GVG edgeCF, ;.

the rod to the rod-HGVG, we define an additional mapping This shows that an arbitrary rod configuration can access

HJ : UCF;;, x [0, 1] — Rij/u U CFijun that moves the rod a components of the rod-HGVG using a series of the dis-

away from the four closest obstacles, using the full gradientance gradient ascents. Once the rod has accessed the rod-
HGVG, it can then begin incrementally constructing the rod-

(1) = 71, cr,5 V Di(c(D)). (13)  HGVG using the previously defined numerical techniques. If
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Connectivity
Proof (Sec. 4.6)

L ok

: : - Connectivity Piecewise retracts
o - t of § (Sec. 4.4) on aCFjjy (Sec.4.5)

Fig. 23. Overview of the connectivity proof.

Fig. 21. All of the edges in an environment. There are no

rod-GVG edges in this example. Note that this is the same
environment as Figure 1. Step 1. We show that the structure

S = Ui,j.k,ICFijkl U Ui,j.kRijk U Ui.j,k.l,mCFijklm (14)

forms a connected set. Note tha,;;, is two-dimensional,
and thusS is not a roadmap, but it is a superset of the rod-
HGVG. To prove this part of the connectivity, we use the
assumption that the point-GVG is connected in a given envi-
ronment.
Step 2. We show the connectivity of the union of the two-
tangent edges and the rod-GVG edges on a siGglg;. In
this step, we also show that the union of the two-tangent edges
and the rod-GVG edges contains the endpoints of the one-
tangent edges terminating @F,;;. We note that the union
of the two-tangent edges and the rod-GVG edges on a single
. . . CF,; by themselves may not be connected in some environ-
Fig. 22. The_ rod-HG_VG in & rectangular box env‘l‘ronmenﬁnents_ However, in these environments, it is shown that the
with a b.IOCk in the m|d_d|e. The one-tangent edges conneCliisconnected components of the rod-HGVG can be connected
two regions of the environment. using the boundary edges.
From these two steps, we conclude that the rod-HGVG
is connected. Before we proceed to the proof of the connec-
tivity, we define and discuss the junction regions and their

the rod-HGVG is connected, numerically constructing it enc_jeformahon retracts in Section 4.3.

sures complete exploration of a connected component of the
rod’s configuration space. 4.3. Junction Regions

In this section we formally define the junction regions. There
4.2. Connectivity are two types of junction regions for the rod-HGVG in three

dimensions. The first are the junction regions under mapping
Now we prove the connectivity of the rod-HGVG, i.e., that thed, and the union of these junction regions is the free config-
rod-HGVG forms a connected set in a connected free configration space, i.e., this induces a cellular decomposition of
uration space if the point-GVG is connected. The main idethe free configuration space. The deformation retracts of the
is to decompose the free configuration space into retractikjlenction regions under the mappirg are the rod four-way
sets, called “junction regions”. We define deformation retracequidistant faces which are two-dimensional, and are con-
in each junction region and then use the point-GVG to comected together by the rod-GVG edges and the one-tangent
nect up the deformation retracts of the junction regions. Thexlges, which we prove in Section 4.4. The second type of
connectivity is shown in two separate steps (Figure 23). junction region is the subjunction region under the mapping
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HJ, which induces the cellular decomposition of a rod fourTo show this we use the connectivity of the point-GVG and the
way equidistant fac€F;;,. The deformation retracts of the relationship between the structures of the point-GVG and the
junction regions under the mappitty) are the two-tangent structures of the rod-HGVG. Then, just like the point-GVG

edges or rod-GVG edges. edges connect the point-GVG meetpoints, we can show the
The junction region under the mappitt is defined for- one-tangent edges and the rod-GVG edges connect the rod
mally as follows. four-way equidistant faces. For this we first need to show the

DEFINITION 9.  [Junction region] A junction regiod;;; is following.

the pre-image o€F;;, underH : FS x [0,1] — CF;;,i.e. LEMMA 1. LetJ;, andJ;, be two adjacent junction re-
gions. If the one-tangent edgg, = ¢, thenCF,;;, andCF,;,,,
Jiju=1{q € FS:H(q,1) € CF,y}. (15) intersect each other, and it follows that the rod-GVG edge
CFijum # 9.
Using a similar approach as in Choset and Burdick (1996), ) ) , ) ) .
H can be shown to be continuous in each of the connecte The two junction regions are said to be acuacent if they
components of a junction regiahy, (see Appendix C), and share a common bpundary. The_proof of this lemma can
moreoverH (CF;, 1) = CF,;,,. Therefore, the rod four-way be foqnd in Appendix D. From this, we can also show the
equidistant fac€F,;;, is a deformation retract of the junction following.
regionJ;. LEMMA 2. Given two adjacent rod four-way equidistant
Next, we define the subjunction region, which decomposéacesCF;;,, andCF,;,,,, for which CF,;,, U CF;;,,, U R U
CF,;u. Recall that there are two one-dimensional structuresF,;;,,, is a connected set, we have
defined on the rod four-way equidistant fa€g;;,;: the rod-

GVG edges and two-tangent edges. Therefore, there are two Rij # 9 < CFiju, =¥
types of subjunction region under the mapplhdy defined as o .

follows. which is equivalent to

DeFINITION 10.  [Subjunction region] CFijim #9 & Ry = 0.

i =1g € CFyu : H(g, 1) € Ryjju} (16) The proof of this lemma can be found in Appendix E. Es-

sentially, this lemma states that the one-tangent edge and the
rod-GVG edges perform a dual role in connecting the two
Jom = g € CFiu - HI(@, 1) € CF,m) 17) rod four-way equidistant faces. That is, the two adjacent two
. N ' v rod four-way equidistant faces are connected either by a one-
In each cell,;,,;, HJ is continuous on;;,,, (for proof, see tangent edge or arod-GVG edge, but not by both.
Appendix D) andHJ(R,;. 1) = R,; .. ThereforeR;;,, is a Before we prove the connectivity of the sktwe |r_1troduce
one-dimensional deformation retracthf,,. Similarly, HJis ~SOme notations. In .the following; andz; denote the mdexlsets
continuous on,;,, andHJ(CF ;... 1) = CFjy,.,. Therefore, of the obstacles witlf our andzhree elements, respectively.
CF.u.. is a one-dimensional deformation retract/gf,.. For example./;, denotes a junction region wherg is an
If the rod were “short” enough so that no four-way equidisindex set of size four, e.gf, = {3, 4, 6,7}, andR, denotes
tant faces intersect each other and there are no rod-GVG edgé¥1e-tangent edge with, for exampie= {1,2,5.
on CF,;,,, then the union ofl,;,,, is equal toCF;;,,. However The proofrelies on the fact that there is a close relationship
if there is a rod-GVG edg€F, ;,, onCF ., we have the sub- Detween the components of the point-GVG and the compo-
junction J,;,,,, related to the'rod—GVGiF,-jklm, which is the Nnentsoftherod-HGVG. Recall that, in this section, we assume

set of configurations that access the rod-GVG edges undBptthe point-GVGis connected in the workspace. If the point-

the mappingHJ. GVG is connected, given two point-GVG meetpoints, we can
Finally, we note that even if there are boundary edgigs find a ser.ies of point-GVG meetpoints and the point-QVG

we do not need to define subjunction regions for them. No coRdges which form a connected set themselves. Then using the

figuration would access the boundary edge under the mappitigSe relationship between the point-GVG structures and the
HJ sinceHJ is a gradient ascent operation. rod-HGVG structures discussed in the previous section, we

find a connected series of the rod four-way equidistant faces,
the one-tangent edges and the rod-GVG edges.

and

4.4. Connectivity of S If the rod were “short”, then there would be no rod-GVG
edges and we could find a one-to-one correspondence between
In this section, we show the connectivity of the set the CF . and point-GVG meetpoints, and between the one-

tangent edges and the point-GVG edges. In other words, for
S = (Ui jx.CFijx) U(U,-__,-,kR,»jk) U(U,-,,vk,,_mCF,-‘,-k,,,,). a given point-GVG edgé;;,, there exists a one-tangent edge
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R, defined by the same three obstacles, and for a given point-
GVG meetpointF;;;, there exists a rod four-way equidistant
faceCF,;,, defined by the same four obstacles. If the rod were
“long”, then there would exist rod-GVG edges that connect
adjacentCF,, i.e., we do not need to use the one-tangent
edges to connect them (Figure 24). In actuality, as shown in
Lemma 2, the one-tangent edges do not exist at all between
two rod four-way equidistant configurations if they intersect
each other.

Finally, recall that if the rod-GVG edge exists, then there
are rod-GVG structures which do not have corresponding
point-GVG structures, as depicted above. In other wdtls,
can exist without,, existing. However, note that suclCé ;.
can only exist when there is a rod-GVG edge. For example, if
CF.,3,andCF,,5sintersect, the intersection formedd§ 5345,
and by definitiorCF,345is also a subset @F .45, CF1145, €1C.,
which does not have corresponding point-GVG meetpoints.
However, clearly, theseF ;, intersectarod-GVG edge and, in
turn, intersect SoméF ;. that have corresponding point-GVG
meetpoints. This implies that we need to consider only those
CF;;i; that have corresponding point-GVG meetpoints in the
following proof.

Now we prove the connectivity &f.

LEMMA 3. Inagiven environment, if the point-GVG is con-
nected and the configuration space is connected, the set

S = (Ui,j,kJCFijk/) U(Ui,j.kRijk) U(Ui._/,k,l,mCFijklm)
forms a connected set.

Proof. Note that to show the connectivity of the s&is equiv-
alent to showing that given two arbitrary configuratigrand
g, onS, there exists a path between them that lies completely
on the setS. Since any rod configuration can access a rod

four-way equidistant configuration, we can, without loss oﬁ 24. (a) shows a portion of the point-GVG in an envi-

generality, assume that the start and the goal configuratio'rb ment (not all the edges shown are labelled). (b) and (c
are on some rod four-way equidistant facefs, andCF,,, %ﬁ ( g )- (&) ()

. : : i ow the rod-HGVG in the same environment. If the rod
respectively. Then, it suffices to show that there is a connected . <0 (b), then there would be a one-to-one mapping

series of rod four-way equidistant faces, one-tangent edg%@tween the poi
point-GVG edges and the one-tangent edges.
and rod-GVG edges that contalf,, andCF, to show the Also there would be a one-to-one mapping between the

cor;nectlv;]ty. di . b o dCF point-GVG meetpoints and the rod four-way equidistant
i romt € discussion above, givel; an ser WE CAN gaces, and the rod four-way equidistant faces would be
find point-GVG meetpointg’;, andF;, , which are defined by oo by the one-tangent edges exactly in the same

the same set of respective obstacles. Then, since the pojinner a5 the point-GVG meetpoints are connected by the
GVG is connected, there s a sequence of index figls- point-GVG edges. If the rod were long, some of the rod
.fS)’ f for tor - s fu (= o), S.UCh thatUFy;) U (U_F'f) four-way equidistant faces would intersect each other, and
'S a connected set.. Note thqt using our conventignjs a form the rod-GVG edges between them. Also note that, in
point-GVG meetpoint, and, is a point-GVG edge and we this case, there would be some rod four-way equidistant faces

have the relation, = f’ N fisa- We also define the SEqUENCEHL At do not have corresponding point-GVG meetpoints. Such
vi = fiU fia. Then, since;, andFy,, share the three closest four-way equidistant faces are not shown in (c).
obstacles between them,is an index set with five obstacles.

From the index setg; found above, we find a sequence of
the rod four-way equidistant fac€F,,, ... , CF, . Then, if
we show that the union of two adjacent rod four-way equidis-
tant facesCF,, andCF,,, with either the one-tangent edge
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R, or the rod-GVG edg€F, , forms a connected set, we can Connectivity
conclude thasS is a connected set, using induction. Proof

If CF, N CF,,, # @, then the intersection of these two
sets is actually a rod-GVG eddeF,,. Thus, it follows that Connectivity Piecewise retracts
CF, UCF,, UCF, , forms a connected set.@F, NCF , = of § on a singleCFij
@, then, by definitionCF,, = ¢, and we need to show that the
setCF. UCF,,, U R, forms a connected set. GF, = 9, CFi - CFy - not
from Lemma 1, we hav®, # §. Since the point-GVG edge homeomorphic homeomorphic
F, terminates at the two meetpoing, and F,,, the one- to S? to S?

tangent edgeR, has endpoints on both @F, andCF,_,.

This implies that the s&F . UCF; , UR, is a connected set. .
This completes the proof that the geiCF,) U (UR,) U | Only the rod-GVG Only the boundary 535250 ;;hf tLoed GVe

(UCF,,) forms a connected set, for a sequencef,oéndr, Eggﬁzaorn the ||edges on the boundary edges on the

! Yy OfCFI]kI boundary OfCFijk| -

found as above and the rod-GVG ed@#5. formed between boundary ofCFij

any adjacenCF . in the sequence. Sineg andg, are cho-

sen arbitrarily from any junction regions, this implies thatig. 25. Overview of the connectivity proof.

(UserCF.) U (U,er R,) U (U, CF,,) (WhereF, T andV

are the set of index sets of three, four, and five indices, re-

spectively). O
4.5. Connectivity of Two-tangent Edges and Rod-GVG Now, we prove the connectivity of the two-tangent edges
Edgeson a Single C F; and rod-GVG edges on a singl¥, ;;, which is homeomor-

This is the second (and final) step in proving the connectivit‘i’/hIC tos®.

of the rod-HGVG under the assumption that the point-GV&EMMA 6.  If CF;;,, is homeomorphic t§?, then the union of
is connected in a given environment. More specifically, wthe two-tangent edges @F;;;, forms a connected set. More-
show that the union oR;;,, andCF,;,, on a singleCF;;,, over, the two-tangent edges GF,;;, contain the endpoints of
forms a connected set, and we also show that the networktbE one-tangent edges terminating@# ;.

two-tangent edgeg;;,,, contains the endpoints of the O pr 0of. Before we show that the union of the two-tangent edges

tanger?t'edg_e s (if they exist) termmatmg on the gi@Hy. forms a connected set, we make some observations. Recall
In addition, if there are holes o@F,;,, it is shown that the that there are six two-tangent edges o@Fa,,. Also, recall
union of the two-tangent edges and the boundary elements 9 9 H- '

of CF,,., forms a connected set. We consider this problem itn atthere are four one-tangent edges, each terminating at some

two subproblems (Figure 25): (@F, ,, is homeomorphic to pointsinCF;;. Infact, the endpoints of one-tangent edges are,
: i

52, and (ii) CF,u, i not homeomorphic 62, i.e., CF.,, has by definition, the mtgrsectlon of three two-tang.ent edge;. For

. example, the endpoints &;;, on CF,;,, are the intersection
boundaries.
of R;j/u, Rigju, @aNAR jy/41.

Now we show that the union of the two-tangent edges forms

4.5.1. CF;j, ishomeomorphic to §2 a connected set, which contains the endpoints of the one-
] - ., tangent edges terminating @, ,,. Recall that, by definition,
This corresponds to the case where the rod is “short” or thfare are six two-tangent edges o, ;. Without loss of

environment is not cluttered. Note that@F,, is homeo-  ganerality, we first consider one of the two-tangent edges, say,
morphic toS?, there are no rod-GVG edges @f;;,;, since R

.- SINCER;;,,; has one connected component, it contains
rod-GVG edges are boundary component€bf;,. There- the endpoints ofR,, and R,;,. Since the endpoints ok,

fore, we need to show that the union of two-tangent edges, By, 51s0 elements .., and R, and, by assumption,

themselves, forms a connected set. Also we need to show gk, tyo-tangent edge has one connected component, we can
this union contains the en_dpomts of the one-tangent edgestrivially conclude that the union oR,;/., R, and R,

To prove the connectivity of the union of the two-tangenfoms’a connected set. Continuing this argument, we can show
edges: we need. the following results whose proofs can Be i the union of six two-tangent edges 6, forms a
found in Appendices F and G. connected set and contains all of the endpoints of the one-
LEMMA 4. A two-tangent edge;; ., is a one-dimensional tangent edges. O

manifold. This completes the proof of the connectivity of the two-

LEMMA 5. A two-tangent edgeR;;,,;, has one connected tangent edges on a rod four-way equidistant faég,,. Note
component orCF;;,,, which is homeomorphic t§2. that if CF;;;, is homeomorphic t&s?, the endpoints of the
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one-tangent edges are also elements of two-tangent edgesnponent oCF,;,;, the union of the two-tangent edges and
i.e., the one-tangent edges terminate on the two-tangent eddes;;;;,, forms a connected set.

If all of CF;;,, are homeomorphic t§?, the rod-HGVG is
connected since we have already established that the un
of CF;;;, Rijx, andCF,;,, (which does not exist in this case)
forms a connected set.

LEMMA 7. Ifthe rod-GVG edg€F,;,,, is the only boundary
ponent oCF;;,,, then the union of the two-tangent edges
on CF;;;, andCF;;,,, forms a connected set.

Proof. First we consider a structure, denoted Gy,

) ) which is
4.5.2. CF;j isnot homeomorphic to §2
Note that if CF;;, is not homeomorphic t&?, CF,;, may CFijum = g € FSI0 < Di(q) = D;(q) =
have boundaries on it. There can be two types of boundaries Dy(q) = Di(q) = D,(q),
for CF;;;,: (a) the rod-GVG edges (i.e., five-way equidistant o#m,i,j k,l1}. (18)

configurations); (b) the boundary edges (iB,; = {q € ] o
CF.. : Di(g) = 0}). Note that a connected component Ofn other wordsCF; 4/, iS t_he rod four-way equidistant fac_e
the boundary ofCF;;, can contain both a rod-GVG edgein & workspace wher€, is removed. Also, we can simi-
and a boundary edge. Also note ke, ;,, can have multiple larly define a “virtual” two-tangent €dgg;; x,/, on CFij/m,
disconnected components, where each connected comporf8htgnoring C,, temporarily, i.e.,R;;/u,. iS the two-tangent
contains a rod-GVG edge or a boundary edge or both in ig$lge defined o€F;;,;,,, rather than orCF,;,. ThenCF,;y),,
boundary’ However, if a rod four-way equidistant fag,,, 1S homeomorphic t&?, since we assume theF;,,, is the
has multiple disconnected components, this implies that ti9@ly rod-GVG edge ofF;;,, and there are no boundary edges
junction region itself is disconnected also beca@Bg;, is a either. Therefore, there is a connected n_etwork of two-tangent
two-dimensional deformation retract of the junction region€d9€SR:;u/m: Riji/m, €tC., ONCFj,,, Using Lemma 6.
Therefore, we only need to consider the connectivity of the BY definition,CF,;;;,, and the two-tangent edg#s, .., on
rod-HGVG on a single connected componenC#t ;. it containCF;;,; and the two-tangent edgés, ; on it, respec-
We first consider the case where the bounda@ff, con-  tively. In other words, the rod-GVG edge partitio8s; ..,
sists only of the rod-GVG edge(s). Then we discuss the ca§t0 CFiju andCF;;;,, \CF;,, whereCF,;,,, is the boundary
where the boundary o&F,;,,; contains the boundary edge(s)Cf ach set. AlsoCF;;,,, partitionsUR;;;.,,, into UR;;,, and
and no rod-GVG edges. Finally, we discuss the case where {H&i/x/»\URi;- Note thatthere is a possibility thar; , is
boundary ofCF;;, contains both rod-GVG edges and bound®MPty if CF;y;, exists, which implies the€F; .., is the only
ary edges. We see that if there are boundary edges, the unief-HGVG component o&F;,. Therefore, in this case, the
of the rod-HGVG edges together with all of the boundargonnectivity of the rod-HGVG components Qi is triv-
edges does not form a connected set. However, we show tkaly satisfied. Thus, in the following, we assume tha;;,
by selectively using the boundary edges, we can connect #0t-empty.

disconnected components of the rod-HGVG. First we claim that, ifC.F,.j,dm does not intersectJR,-];,kll,
thenUR;;,,; = UR;;u,m- This can be shown by contradiction.
The Case of Rod-GVG Edge CF,;,,,. Note that there ac- ASSUMEURj /i 7 URijjujm- This meansI Ry \ U Rijju #

tuglly can be more than one rod—QVG edgeonagl®Ep,. 4 Letq be a point OrUR, ., \ U R,/ Then, by definition
Initially, we assume that there is only one rod-GVG edg(bm(q) < D,(g).fand, sinceR,, ,, is not an empty set, there is

CF;_,k_,m on CF;;,. The case of multiple rod-GVG edges will a configuration iy’ in UR,; ., whereD, (¢') < D,.(¢'), and
be discussed later. Also note that here we assume that thSER/iously ' € UR,;1m. SINCEUR; 4 is a connected set
1 ij/kl/m= ij m 1

are no boundary edges m:"f“: ) there is a path betweenandg’ which lies onUR;;,4,.,. Then
It is shown that, ifCF,,, exists, the three of the six two- there must be a configuratigfi on the path wher®,, (") =

tangent edges ORF, (Riju, Ry @Nd Rjyi) INt€rsect p .y from the continuity of the distance function. Theh
CF;jun, and thus the union @F;,,,, and the three two-tangent is, by definition, OrCF,x,, and R, i.€., CFyum N Rijju #

edges form a connected set. In this sense, the one-tangent e@,g\?/hich is a contradiction. Therefore, we hav®

R;;; and the rod-GVG edg€F;;,,, perform a dual role in con-

necting the two-tangent edges®©R; ;. Note that to show the Next we show tha€F, ,,, intersects the network of two-

connectivity, we only need to show that a rod-GVG edge muﬁingent edges, i.eUR, _/k[’_ We show this by contradiction.

intersect at least one two-tangent edge in a manner such that | e thaCF, ,,,, doejs notintersectRr,, ;. Then, from the

the the union of the rod-GVG edge and the two-tangent edgg,in above,ulé,.j,,d — URy; ), Which forms a connected

itintersects is still a connected set. set. This means there is at least one (actually six) point where
Now we show that assumingF;;.,,, is the only boundary yhree of the two-tangent edges intersect, and one of these is

ij/kl =

ij/kljm+

5. Note that the “boundary edge” and the “boundary'Gs;;; (or of any 6. Of courseD;(q) = D;j(q) = Dy(q) = Di(q), which we omit from the
structure) are two different things. main text for simplicity.
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the intersection oR;;/4;, Rix/;1, andR ;. This point, by defi-
nition, belongs ta;;;. Thatis,R;;, is not an empty set, which
contradicts Lemma 2. Thu€F,;;y;,, must intersectR;; ;.

Now we show thaCF, ;,,, U(UR;;,,,) forms a connected set.
Recall thatCF; ;,,, and(UR;;,,,) are subsets d@F, ;. In other
words, we need to show that given two arbitrary configurations
¢1 andg, onCF,;,,,, U (UR;;,u), there is a path between and
q, that lies entirely orCF,;,,, U (UR;;,1,). Recall that the rod-
GVG edgeCF,;,,, must intersect the two-tangent edges, and
CF;un is a connected set, because we assumedhaf,, is
the only boundary component &@F,;;,. Therefore, we can
assume thaj; andg, are the elements afR;; ;.

Recall thatCF;;,, partitionsUR;;x,, into UR,;,, and
UR;j/x1/m \YR;j u, aNAUR;;/1, IS @ connected set. Now, given
two configurationsy; andg, on UR;;,, note that there is a
path P (¢) betweery; andg, that entirely lies orR;;/4,,.,. This
is obvious sincey;, g, € UR;ji C UR;j/u/m @NAUR;; 4/, IS
a connected set. Now, we should find a path between them
which lies on(CF;;y,,) U (UR;;,u). If P(t) lies entirely on
(UR;j,1), we are done. Otherwise, we can find a sequence of
t; in [0, 1] such that the patl®(z;) lies on the boundary be-
tweenUR;;,, andUR;; 1.\ U Rij/u, 1.€., the rod-GVG edge
CFijklm-

SinceCF,;,,,, is a connected set, there is a path between
the consecutive? (t;) on CF,;,,,,, which we denote by, (¢),

i.e., S;(¢) is a continuous mapping froi@, 1] to CF,;;,, such
that S;(0) = P(ty), Si(q) = P(tx.1). Then we construct a
new path betweed, andg, by concatenating the segments of
P(t), whichlie onR;;,, ands; (), which lie onCF,;,,,, and the
resulting path, by construction, lies ¢8F ;) U (UR;;x)-
Thus we have found a path between arbitrary configuragon
andg,; on (CF;;;,) U (UR;;,4), and thus we have shown that
(CFijum) U (UR;;,1) is a connected set.

In summary, we take the disconnected segments of the
path P (¢) that lie onUR;;,,,. Then, to construct a connected
path, we connect them using the rod-GVG edge, which is a
connected set if it is the only boundary componen€bf;,.

O

Ri3/04

C Fi2345

Now we can prove the connectivity of the rod-HGVG orf 19 26. The case of a rod-GVG ed@&# 12ai5 0n CFazas
a single rod four-way equidistant fa@F,;,, with multiple Ve assume thatF.,sis the only boundary component on
rod-GVG edges. ' CF 1234 Then, if we ignoreCs temporarily, and defin€F ;5345
as the four-way equidistant fac€F;.s4s is homeomorphic

LEMMA 8. If CF;j;, is not homeomorphic t6?, but does not to §2

and the union of the two-tangent edges ©R;zsys5

contain boundary edges, the union of the rod-GVG edges apg i, 4 connected set (top). Now we considey and thus

the two-tangent edges @&F,;, is a connected set.

CF123s5 Note thatCF,a,s is homeomorphic tas because

Proof. Assume that there are rod-GVG edgesCF,,, It IS assumed tha€F 35 is the only boundary components
CFoitimys - - + CFijim, . NOW, defineCF ./, (ignoringC,,,), Of CFyu. Then if CFipus intersects at least one of the
CF i 11/mym, (ignoringC,,, andc,,,), CF .., etc., untilwe have two-tangent edges, the union GF 1,345 and the union of the
CFj4t/tmymy..m}» Which is homeomorphic t6%. Now we con- two-tangent edges form a connected set (center).

sider CF,ju/myms..m,_1)» Which has only one rod-GVG edge,
i.e.,CF;jun,  ONnit. Then, itis obvious that the “virtuaCF, ;;,,,,
(defined by ignoring all the obstacles fraf}, to C,,, ,) and
the “virtual” two-tangent edges 08F;;/my..m, ) fOrm a

361
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connected set, using the argument above. Let us call this set CFigaa
CX,,. Then, we conside€,, , (still ignoring C, to C,,, ,) —
andCF ;i pmym,..m,_,)- T€MpOTrarily ignoringC,,, also, we have

a “virtual” CF;;,, _,, which is homeomorphic t6* and parti- 12/

tions CF ;1 pmymsy..m,y- This “virtual” CF; ., , also partitions

CX,, into two sets, which we call “realC X,,, and “unreal”

CX,,. For the points on “realCX,, , the distance t@,,, , Ri3/24

is larger than the distance @, and for the configurations .
on “unreal” CX,, , the distance t@,, , is smaller than the Riay2
distance toC;. Using a similar argument as above, we can

show that the union of “realCX,,, and “virtual” CF;;,,_, Fig. 27. The case of a boundary ed@g,s, on CFiyz
forms a connected set. Now “reaCF;;,_, is the same as Left: the boundary edgeB,,;, intersects the network of
“virtual” CF,;,_,, and we are done. (This case means that the/o-tangent edges. In this case, the union of the two-tangent
two rod-GVG edges do not intersect each other.) Otherwisslges and the boundary edge forms a connected set. Right:
this implies that on some points on “virtuaF,;, _,, the dis- the boundary edge,.s, is isolated from other rod-HGVG
tance toC,,,_, must be smaller thag,,, (since we are still components. In this case, the union of the two-tangent edges
ignoring all of the other obstacles). Using the continuity oind the boundary edge does not form a connected set, but
the distance function, we can conclude that “re@f;,,, , the union of the two-tangent edges themselves still forms a
andCF,;,,, intersect, and the union @, , andCF,;,,,  connected set. Therefore, we do not necessarily need to use
forms a boundary o€F ;i /inymp..m,_» - The union ofCF,;,, ,  the boundary edge.

andCF;y,,, is also a boundary adR;;/; ONCF; 41/ tmymy...my_o1+

and using a similar argument to that above, we can show the
connectivity of the union ofCF,;;,,, , and CF;;,, and the
two-tangent edges. Continuing in this way, considering one
additional obstacle at a time, we can eventually conclude that
the union of rod-GVG edges and the two-tangent edges forms
a connected set. O

The Case of the Boundary Edge B;;;. Here we consider
the case wher€F,;;, is not homeomorphic t62, and its only
boundary components are the boundary edges. Unfortunately,
if there is a boundary edge, there are examples where the
union of the two-tangent edges and all of the boundary edges

on CF;;,, does not form a connected set. Therefore, we negdy >g | this example, the environment is the interior
to either introduce a new component to the rod-HGVG 0kt etrahedron. If the length of the rod is less than the
provide a linking strategy to connect the disconnected CoMfigignt of the triangular face of the tetrahedron, but larger
ponents.of the rod-HGVG. ) ._than the height of the tetrahedron, the configuration space
_ Consider an environment where the free space is the infe-onected. However, in this environment, there are only
rior of the regular tetrahedron. (Figure 28 and the figure %ho-tangent edges disconnected from each other, and no
the leftin Figure 27). In this example, the length of the rod ig;y /5 edges or one-tangent edges. This implies that the

longer than the height of the tetrahedron, but shorter than tﬂ?d-HGVG is disconnected even if the configuration space is
height of the triangular faces of the tetrahedron. Clearly, the) Lacted.

point-GVG is connected. Also, with some reasoning, one can

see that the configuration space is connected, i.e., the rod can

move from any configuration to any other configuration. How-

ever, the rod-HGVG is not connected. First, since there are

only four obstacles, there exist no rod-GVG edges. Also, since To amend this problem, one might consider the boundary
the length of the rod is larger than the height of the tetrahedro&dge as a component of the rod-HGVG. This is not Surprising
there cannot be any one-tangent edges. However, there @é@sidering that the boundary edge is also a component of
two-tangent edges, which are disconnected from each othgfe point-HGVG in a three-dimensional space. However, this
(Recall that the two-tangent edges cannot be connected Witliuses another problem to arise, as can be seen in the exam-
out one-tangent edges or rod-GVG edges.) That is, evenglle shown in Figure 30 (and also the figure on the right in
the configuration space is connected, the rod-HGVG is ngfgure 27). Here, we have an isolated boundary edge which
connected. does not intersect any rod-HGVG component. There are two
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possible solutions to this problem. We can either define the
boundary edge as acomponent ofthe rod-HGVG and try to de- B \\
vise a connecting scheme (and/or additional type(s) of edge, if \\\\\
necessary) for connecting isolated boundary edges, or we use \\\\\\\\\
boundary edges as links connecting disconnected rod-HGVG > &
components, without considering them as components of the
rod-HGVG. We take the latter approach, i.e., we will use the
boundary edges only as links, and we do not try to trace all of Jk

the boundary edges.

This approach can be justified since the robot will nevefig. 29. The boundary eddg®;,, (some of the configurations
actually reach a configuration on an isolated boundary edge B;;,, are shown as a solid arrow) connects the three
as the robot traces the rod-HGVG. Recall that to access ttweo-tangent edgeR,; ., Ri;i, andR;,;, (which are defined
rod-HGVG from an arbitrary configuration, the robot usesising F;, F;,, and F;, respectively). The configurations in
distance gradient ascent. Thus, after the accessibility prod®;,,;, Rix/;;, andR ;,,; are not shown.
dure, the robot will be at some configuration with distance
greater than zerband start tracing the first rod-HGVG com-
ponent, which is not a boundary edge. As the robot traces
the rod-HGVG, it will encounter some boundary edges, but
cannot encounter an isolated component of a boundary edge
(by definition). Therefore, the isolated boundary edges can be
safely ignored.

In summary, the planner traces the boundary edge only if it
encounters a configuration on the boundary edge while tracing
one of the rod-HGVG edges and does not make an attempt
to find all of the boundary edges. Finally, we note that the
boundary edges can also be traced using the same technifife 30 Here, the boundary edge (double dotted arrows)

described in SectionThis discussion leads to the following CONNects two disconnected componentskef,.. Note that
lemma. 41, 42, andg; all belong toR 1324, i.€., all of the configurations

) are on the plang, but ¢, belongs to a different component
LEMMA 9. On a connected component@F;,,, the union Ru320. Note thaigs also belongs tyzs.

of the two-tangent edges d@F,;;; and the boundary edges
that intersect any of the two-tangent edge<0h;,; forms a
connected set.

The Case Where Both Boundary Edgesand Rod-GVG N )
Edges Exist on CF,,,,. Finally, we consider the case wherethe obstacle,,, thenCF;,,, partitionsCF; ./, into CF;;;; and

boundary ofCF,;, contains both rod-GVG edges and boundSFiji/m \CFijii, andS into SNCF, andSN(CF i \ CFijia)-
ary edges. Then using a similar argument as before, we can conclude

that the union ofS N CF;;;, andCF,;,,, forms a connected

LEMMA 10.  Ona connected component@H;;, the union  get For the case where there are multiple rod-GVG edges, we
of the two-tangent edges, the rod-GVG edges, and the bound, jierate the same argument on the unio8 6fCF,,, and
ary edges that intersect any of the two-tangent edges or t@guk! =

ijkim-+

rod-GVG edges forms a connected set.

SN\

C'5 (back wall)

) ) ) Figure 31 shows an example of an environment with
Proof. The proof for this case is essentially the same as t undary edges. The free space in the example is the inte-

proof of Lemma 8. First, we consider the case in which thefg, - of 4 regular tetrahedron, with the length of the rod longer
is only one rod-GVG edgeF;;,, on CF;,. As before, we o, the height of the tetrahedron, but shorter than the height
temporarily ignore the obstacl,, and conclude that the ¢ he triangles which form the faces of the tetrahedron. Thus,
union of the two-tangent edge and the boundary edge formg, gnly components of the rod-HGVG in this environments
a connected set, denotédon CFjy,),,. Now if we consider 56 the two-tangent edges, which are disconnected from each
7. Actually, it may be the case that the distance is still zero after the gradieRtner- In this case, it is not difficult to see that the configura-
ascent, but this implies that the accessibility fails. In other words, the robt#On space is connected. There are six two-tangent edges which
is initially “stuck” in a component of the configuration space which does nogre not connected to each other, and actually each of the two-
contain any configuration with distance greater than zero. In this case, % ent edges also have multiple disconnected components
planner will trace the boundary edge (if possible) and then terminate. 9 g . P P ’
8. In reality, we trace the set of configurations with the constant distané’elowev_era t_here are neither rod-GVG edges nor one-tangent
& ~ 0 rather than the boundary edge itself. edges in this environment. There are norod-GVG edges, since
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/Cl Ry3/34

c/ ' TG
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Bl234

Fig. 31. The free space is the interior of a tetrahedron, ; .

defined by the obstacle§;, C,, Cs;, and C,. Here, two

two-tangent edgesRi,z4 and Ry 14, are connected by a

boundary edge componeat.s.. (Not all of the two-tangent

edges terminating on this boundary edge are shown.) Fig. 33. The swept volume of the two-tangent edges and the
boundary edges inside a regular tetrahedron.

C\ f B1234 .o
Risos 4.6. Connectivity of the Rod-HGVG
: —C We are now ready to prove the connectivity of the rod-HGVG
Cs/ under the assumption that the point-GVG is connected.
\ THEOREM 1. Assume that the point-GVG is connected and
c, the configuration space is connected. Then the rod-HGVG,

together with the boundary edge components that intersect at

120 least one rod-HGVG component, forms a connected set.

Fig. 32. A two-tangent edge componeRis ., terminates at Proof. The proof is just the straight application of Lemmas 3,
two disconnected boundary edge componeéhts,. In other 6,7, 8,9, and 10. O
words, the two disconnected boundary edge components of
?E/zéundary edgs:zs. are connected by two-tangent edg%. Incremental Construction of the Rod-HGVG
In this section we discuss an incremental construction proce-
dure for the components of the rod-HGVG. Figure 34 shows
a overall flow of the construction procedure.
there are only four obstacles, and there are no one-tangent
edges, since for a rod configuration to be on a one-tangeny .
edge, it must be tangent to a point-GVG edge, whose length
is shorter than the length of the rod by design. Thus, there is fibe incremental construction starts with a series of gradient
rod configuration that can be tangent to any point-GVG edgescents described in Section 4.1. As shown in Appendix B,
without intersecting any obstacles. This means that the uniafter the gradient ascent, the robot is placed on a rod-GVG
of the rod-HGVG components (i.e., two-tangent edges) doeslge or a one-tangent edge. Depending on which edge the
not form a connected set in this example. Thus, we need thad is placed on, the planner invokes an appropriate method
boundary edges to connect those disconnected componetddrace the current edge. The methods to trace each type of
Figure 31 shows a boundary edge connecting two discoedges are described below.
nected two-tangent edges, and Figure 32 shows a two-tangent
edge terminating at two different boundary edge;. Figure ?532 Tracing the Rod-HGVG Edges
shows all of the swept volume of all of the edges in the same
environment. Recall that the components of the rod-HGVG are defined us-
This completes the proof of the connectivity of the roding the workspace distance function with some additional in-
HGVG components on a four-way equidistant faCE;;, formation. The additional information includes the points
which is not homeomorphic t62. the closest point on the rod to each of the obstacieshe

cessing the Rod-HGVG
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Access the rod-HGVG
using the gradient ascent
from the closest obstacles

Determine Edge Type

Two-tangent edge

] Rod-GVG edge One-tangent edge

Trace rod-GVG edge Trace Two-tangent edge Trace One-tangent edge
using Geve using G2Tan using G1Tan

Find a node with
untraced edges

Found

Not Found

Trace the rod-HGVG to
the chosen node

!

Identify untraced edge(s)
on the current node

Fig. 34. Overall flow of the algorithm.

closest point on each of the the obstacles, B@dthe vector (D; — D;)(q)
parallel to the rod. Theoretically, all of this information can be Goran(q) = (D; = D) (q)
easily obtained from a range sensor placed along the length of (D; — D)) (q) ’
the robot, and computed from the configuration of the robot. (P(g) — Q(q)) - (c; — ¢;)(q)
This work does not consider the issues of sensor noise or the
other problems that can arise in implementation. an
To trace the edges of the rod-HGVG, we use the curve (D, — D)(q)
tracing technique described in Choset and Burdick (2000b). (Di- _ Di)(q)

A detailed description of the technique can be found in Choset  Gi7.,(q) =
and Burdick (2000b) but, essentially, this method is aroot trac- EI};EZ; _ ggg;; E? _ ik;g]]i
ing technique that consists of a predictor step and a corrector S
step. The predictor step moves the robot in the tangent direégse terms of the fornb, — D, represent the equidistant con-
tion of the curve it is tracing by a finite distance. This stepjitions and the terms of the forPQ - (c; — ¢,) represent the
usually takes the robot off the curve. The corrector step th‘i’&ngency condition that the rod be tangentitp Then, us-
brings the robot back onto the curve, using Newton's iterativﬁaIg a curve tracing method (Choset and Burdick 2000b), the
root finder (Press et al. 2002). planner can construct the edges of the rod-HGVG by tracing
More specifically a rod-GVG edger;..,,, a two-tangent he oot of the equations defined above depending on the type
edgeRr;;, and a one-tangent edge; can be represented uf the edge it is tracing. Note that the equidistant condition
respectively as the zeros of can be reliably checked up to the sensor accuracy, and it is

(D; — D))(q) not affected by the uncertainty in the localization since it is
(D: — D) (q) not explicitly defined using the coordinate of the robot. The
Govalg) = (D; — D)(q) |’ tangency condition is not affected by localization error either,

(D; — D,)(q) since, even if the coordinate afmust be known to check the



366 THE INTERNATIONAL JOURNAL OF ROBOTICS RESEARCH / May 2005

tangency condition, the coordinate«fs computed from the construct the rod-HGVG. However, most of the CPU time
position of the local minima of the distance on the rod and theas spent on computing the distance between the rod and the
value of the sensor reading. In other words, the coordinate albstacles, as we did not try to optimize the distance computing
¢; is computed relative to the coordinate of the rod configufunction in the simulator. However, since we are considering
ration, and it also can be computed reliably up to the senssensor-based planning, in actuality, this distance information
accuracy. Finally, the differential @ (q), which is required should be provided from the sensors, and the time spent on
to compute the tangent direction and the correcting plane, caomputing this information should not be counted as part of
be also represented using only sensor-provided informaticthe run-time overhead of our method. Therefore, the run-time
The detailed expression for the differential G{g) can be of the simulation does not provide appropriate measure of

found in Appendix F. the performance of our method. A more meaningful measure
would be the complexity of the rod-HGVG itself, i.e., the
5.3. Finding Edgesto Explore number of edges and the nodes of the rod-HGVG, represented

) ] as a function of the complexity of the environment, i.e., the
While tracing the rod-HGVG edges, the planner keeps tragk,mper of the obstacles

of the “nodes” it encounters, and stores them in the queue. cyrrently we are determining the exact complexity of the

The nodes include rod-HGVG in three dimensions. Since the rod-HGVG is de-
« the “meet configurationsCF; ., i.e., the six-way fined using the point-GVG, naturally, the complexity of the
equidistant configurations; rod-HGVG depends on the complexity of the point-GVG.

First, we reason that the complexity of the planar rod-HGVG

+ the “boundary configurations”, i.e., the configurations the same as the complexity of the complexity of the point-
where the distance to closest obstacles are zero;  GvD, which is O(n) wheren is the number of obstaclés.

wohis is because there is a close relationship between the com-
ponents of the point-GVD and the components of the planar
rod-HGVG. For example, in an environment with no rod-

» the configurations where a two-tangent edge and a roBlGVG meetpoints (i.e., the four-way equidistant configura-
GVG edge intersect, i.eGF;j,, N Rijju- tions), there is a one-to-one correspondence between the rod-

Depending on the type of the node, we can identify WhaQVG edges and the point-GVD meetpoints, and a two-to-
e correspondence between the one-tangent edges and the

kinds of edges should be connected to the node. Table 2 sufh: +-GVD ed This implies that. in this simol th
marizes the type of the path that can be connected to edt "t edges. This Implies that, in this simple case, the

type of node. Note that for the boundary configurations, n pmplexity of the point-GVD and the planar rod-HGVG is

edges can be connected other than the edge terminating 0111 . s_ame._lfthere are rod-HGVG meetpoints, 'Fhen this simple
At each node, the planner keeps track of the edges that ?atlonsmp does not hold. prever, since using the fact that
already traced. Then, given the type of node, and the list e two rod-GVG edges are either connected by a one-tangent

edges that are connected, the planner can determine if th Pege or rod-HGVG meetpoint, a similar relationship could be

are more edges to be traced from the current node and, if %‘,J”_d- . .
Likewise, we try to compute the complexity of the rod-

hat ki f houl .
what kind of edges should be traced HiVG in three dimensions using the complexity of the point-

« the configurations where a one-tangent edge and t
tangent edges intersect, i.®;; N R;j/u;

Then, after the construction of the current edge, the plann . ;
finds a node in the queue which has untraced edges. Then§’1 G and the point-HGVG. Unfortunately, there is no re-

planner finds a path from the current node to the chosen nogd t regardmg the complexity of the point-GVG in t_hree—
on the part of the rod-HGVG which is constructed up to tha imensional space. If we assume all obstacles are isolated
point. The planner moves the robot to the chosen node, a gints, th_eg th2e nurr]nber (.)f tehdges agd n(;des_ (;f tgetVolronm
then begins tracing the untraced edges from the chosen nofi@d"am 1S0 (n°), wheren is the number of point obstacles

By repeating this process until there is no node with untrac éurenhammer and Klein 2000). In&dimensional space

edges, the planner can completely construct the rod-HG th point (_)bgtacles, .the r?xg]ber bidimensional faces 9f
in the given environment. the Voronoi diagram i (rn'“/#") (Aurenhammer and Klein

2000). However, no general result is known when the obsta-
54N Complexity of the Rod-HGVG cles are of general shape. Since the dimension of the configu-
4. Notes on Complexity of the Rod- ration space is five, using the result for the point obstacles, the

We have implemented our exploration algorithm on a 3.2 GHzumber of rod-GVG edges could naively be conjectured to be
PC using C++. In a simple rectangular environment (as showh(®?"). However, as we have seen, there is a close relation-
in Figure 20 and Extension 1), in which there are no rodship between the number of components of the rod-HGVG

GVG edges’ it took 3 min to c;ompletely construct the roo-. If we assume that the obstacles are polygonal, the complexity of the point-
HGVG.Ina more complex enV|r0nm_entu Wh_ere there areé rogyp also depends on the number of the vertices of the obstacles. However,
GVG edges (Figure 21 and Extension 2), it took 12 min t@ere we do not make such assumptions.
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Table 2. Rod-HGVG Nodes and the Types of Rod-HGVG Edges That are Connected to Them

Type of Node Edges That are Connected to the Node
Meet configuratiorCF, ; ., Rod-GVG edge€F i, CFijtins CFijkmns CFijimns CFigimn @aNACF 4,
Boundary configurations (See text)
Rix N Riju A one-tangent edgg,;, and two-tangent edges;, ., R, andR i,
CFijtim N Ry A rod-GVG edgeCF, ;;, and two-tangent edge®; ., Rij/xm andR;;

and the number of components of the point-GVG. Thus, our Here we need to consider obstacles other than the clos-
conjecture is that there is a constantso that the number est obstacles. For a pointin F;;, the obstacle€; and C;
of components of the rod-HGVG is bounded Gytimes the are called the first closest obstacles and the obstacle with a
number of components of the point-GVG (i.e., the complexitdistance smaller than the other obstacles, exCepindC;,
of the rod-HGVG is als@ (n?)). This conjecture is based onis called the second closest obstacle. Since we consider the
the result for the point-GVD with point obstacles, which mayecond closest obstacles as well as the first closest obstacles,
not hold for the obstacles of general shape. Also, in Sectione need to pay more careful attention to the definition of the
we extend the rod-HGVG using the point-HGVG so that thdistance function. Let; (x) be the closest point afi; from the
rod-HGVG is guaranteed to be connected in more general gmintx, i.e.,c;(x) = argmin. [lx —c||. Note that, if there are
vironment. To compute the complexity of the rod-HGVG withmultiple obstacles, the poiat(x) may not be “visible” from
this extension, we need the complexity of the point-HGV@he pointx. That is, the line segment connecting the points
which is not known. x andc;(x) may not lie completely in the free space. In this
case, we define the distance between the poiahd C; to
be infinity. This discussion leads us to use th&distance

6. EXtendlng the Rod-HGVG Usi ng the function” 4 (x), which is defined as
Point-HGVG
) Min.cc, |lx —c|l if s(x, ¢;(x)) N C, = @ for all k
In Section 3, we used the point-GVG to define the rod—HGVGIi () = 00 otherwise
and to ensure its connectivity. Alas, if the point-GVG were (19)

not connected, then the rod-HGVG might not be connected.

In this section, we relax the assumption that the point-GV@heres(x, c;(x)) is the line segment connecting the points

be connected, and extend the rod-HGVG to the more genegaldc,; (x).

environment where the point-HGVG is connected. Since the There are four type of higher-order edge® (i) second-
rod-HGVG is based on the point-GVG, it is natural to defingrder point-GVG edges; (ii) occluding edges; (iii) boundary
new structures based on the point-HGVG to connect the digeges; (vi) floating boundary edges. The second-order point-
connected components of the rod-HGVG. That is, we defir@VG edgerF;, |, is the subset of;; which contains the points
new structures in such a way that the rod-HGVG, with thesgatisfyingd? (x) = d’(x) < d’(x) forallm # i, j, k,l. The

new structures, is guaranteed to form a connected set in thgsrsection of two second-order point-GVG edges is called
environment where the point-HGVG is connected. Before wie second-order point-GVG meetpoint, denotedeM‘F,,.
present the second-order structure of the rod-HGVG, we firsecond-order point-GVG edges can be used to find a discon-

review the components of the point-HGVG. nected point-GVG cycle, i.e., a point-GVG edge that is home-
omorphic toS* and is not connected to any other point-GVG
6.1. Point-HGVG in R?3 edges.

The occluding edge arises because of the use olthe
Choset and Burdick (2000a, 2000b) extended the point-GV@stance function. An occluding edd& |, is defined as the
into a three-dimensional space, resulting in the point hieset of points onF;; where the distance to the second closest
archical Voronoi graph (point-HGVG). As noted above, th@bstacle<”; andC, changes discontinuously.
point-GVG is, in general, not connected®d. To connect the The boundary edge is the set of points where the distances
point-GVG, they introduced new structures, called higheto two closest obstacles are zero, and the floating boundary
order edges (Figure 4(b)). We consider an individual poirgdge is the set of points ofi; where distance gradients to
two-way equidistant facé’;;, and we define new structuresthe two closest obstacles become the same,Vé.(x) =
on it to connect the point-GVG edges, which are actually th€d; (x). The boundary edge and floating boundary edge are
boundary components &f;. required for completeness, but the simulation results from the
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RC; ={q € CF; : (ci(q) — ¢;(9), PQ(¢g)) = 0}.  (20)

a /B,:;::bfff;::::::::::::::::::::::::::::: Gk Essentially,RC;; is the set of two-way equidistant configura-
T A Ck tions which are also tangent to the point two-way equidistant
IR faceF;;. Itcan be shown thatC;; is a three-dimensional man-
C ifold. Note that a two-tangent eddg; ,, can be defined as the
' subset ofRC;;, i.e., R;;,y is the set of configurations iRC;;

that are also four-way equidistant. Also, a one-tangent edge
R, can be viewed as the intersection®x(;; andRC ;. This
produces a motivation to define the higher-order rod-HGVG
structures oiRC;;, since we want the higher-order rod-HGVG
structures to connect the disconnected components of the rod-
HGVG. Just as the second-order point-GVG edges result in
a planar GVD-like structure defined on the two-dimensional
point two-way equidistant facg;;, the second-order edges

of the rod-HGVG result in a planar rod-HGVG-like structure

Fig. 35. The closest point on the obstaclefrom the point
b is the pointc;. However, if the line segment connecting
andc; intersects the first closest obstaclg the distance to
the obstacleC; is defined to be infinity for thé/-distance

function. As the robot moves from pointtowards point, defined on the three-dimensional manifake,;. The rod-

the second closest obstacle changes itito C; at the point occluding edges are also defined®@;;, and allow the plan-

gi’sgggtitnhfoglssl';ance o the second closest obstacle chan &F to find the disconnected component of the rod-HGVG,

which is not “visible” from the current configuration.
Before we define the new components of the rod-HGVG,
we briefly mention that if there is a point-GVG cycle, there

various environments seem to indicate that the point-HGVERN also be a one-tangent edge cycle, i.e., a one-tangent edge
forms a connected set without these higher-order edges. that is homeomorphic t§* and disconnected from any other
Essentially, we are forming a cellular decompositioFgn  COmponents of thg rod-HGVG. Then, from the continuity of
(the cells are called second-order generalized Voronoi regior8§ distance function, the one-tangent edge cycle has the same
and the higher-order edges are the boundary componentd'gfnber of local maxima and local minima of the distance
the cells. Unfortunately, in addition to these components, tf80ng it. This is a different situation from Section 3, where a
point-HGVG also requires some linking strategies since the§8€-tangent edge can have at most one local minimum of the
additional components do not guarantee that the point-HGVéistance on it and no local maxima. At the local minima of
is connected. Instead, these structures give clues about @ distance, the rod can slide forwards along the length of the
“directions” to which the planner looks for the disconnecte§od at the contact point between the rod and the point-GVG.
components of the point-HGVG components. A more detailédf the local maxima, the rod also slides along the length of

discussion on this subject can be found in Choset and burdig}e rod, but here it moves backwards until the contact point
(2000a). changes from the one endpoint to the other, and then tracks

the point-GVG.

6.2. Second-order Components of the Rod-HGVG: 6.3. Second-order One-tangent Edges

Connecting the Rod-HGVG using the Point-HGVG )
The second-order one-tangent edge is analogous to the

In this section, we define new components of the rod-HGVGecond-order point-GVG edge, or, as its name suggests, anal-
called higher-order edges, to connect the disconnected coogous to the one-tangent edge of the planar rod-HGVG. This
ponents of the rod-HGVG, and we discuss the constructi@tructure is not necessarily connected to the disconnected
methods for them. These new structures include (i) seconecemponents of the rod-HGVG, but provides a “bridge” from
order one-tangent edges, (ii) second-order rod-GVG edgeaghich a link can be made to the disconnected components of
and (i) rod-occluding edges. the rod-HGVG.

Since the rod-HGVG is defined using the point-GVG, itis The second-order one-tangent edges are defined as follows:
natural to use the point-HGVG to define the components of

the rod-HGVG. Just as the higher-order components of the ~ Rulre, = {g € RC;; : () Di(q) = Di(q),
point-HGVG are defined on a two-way equidistant-fa¢e (iNDVD,(q) # VDi(q),
the higher-order components of the rod-HGVG are defined (i) (q) — (@), PQ(q)) = 0}. (21)

on a two-way equidistant structure. This two-way equidistant
structure, denoted bR C,;, is defined as Essentially, the second-order one-tangent edge traces the
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second-order point-GVG eddg, |5, . SinceFy |, is the in- a second-order
tersection ofF;; and SS;;,'° and the rod must be tangent to rod-GVG edge
both of these planes to be an elementRf xc, , it follows
thatr;(q) = r;(q) = ri(g) = r,(q) for all of the rod configu- ',iﬂ-
alons

The boundary component, i.e., the endpoint, of the second dge\ ?_rl#

order one-tangent edge is one of the following: (i) a bound-
ary configuration (i.e., the distance to the closest obsta-
cles becomes zero); (ii) a four-way equidistant configuration #
(i.e., a configuration o€F;;); (iii) three-way equidistant to
the second closest obstacles (i.e., a configurajiomhere i
Di(g) = D;(q) < Di(q) = Dy(q) = D, (q) for an obstacle *
C,, — we call this configuration the second-order connect-
configuration); (iv) a configuration on an occluding edge.
When the rod reaches a boundary configuration, it simply

stops tracing the edge, and returns to the previous node with

explored edges associated with it. When the rod reache 9 36. The rod-HGVG with the second-order edges without

four-way equidistant configuration, the rod is actually at Hw Im_k?. g‘Ot_?ht?ﬁt there" 's a pt<r)]|nt-G_}_/G ed%etr(]noftl shownzi
configuration in a two-tangent edde;,;, since the rod is at associated wi e small box, the ceiling and the fioor, an

a configuration inRC;;. Moreover, since;(¢) = r,(q) atq, hEntce It he (\)/C.i;taqgfnli.edg? atssoc;ﬁted V\.”tth éfl/eGsamtle s€ tof
this is a configuration oR,;,;; as well** If the rod reaches obstacies. VWIhout linking, Just as the poin “cycle 1S

a configuration at which it is three-way equidistant to tthllsconnected from the other c_ompon_ents ofthe pomt-H_GVG_,
second closest obstacles, as well as doubly equidistant to{ & one-tangent edge associated with the small box is dis-
first closest obstacles, then it is on a second-order rod—G\ﬁ?nneCted from the rod-HGVG, even after the second-order
edge, which is defined in the next section. The case of tﬁgges are constructed.
occluding edge is discussed in more detail below.

Figure 37 shows an example of the second-order one-
tangent edges in a rectangular enclosure with a box inside.
Just as the one-tangent edges of the planar rod-HGVG do figis case, the boundary componentsoéy,,, |c,, are one of
form a connected set by themselves, the union of the secorie following: (i) a configuration on a rod-GVG edOE,
order one-tangent edges does not form a connected set, efigra configuration on an occluding edge; (iii) a configuration

on asinglerC;;. that has the same distance to the four second closest obstacles
(we call this the second-order rod-GVG meet-configuration).
6.4. Second-order Rod-GVG Edges In Figure 37, we can see that the second-order rod-GVG

edges connect the second-order one-tangent edges that lie on

The second-order rod-GVG edge is analogous to second-orges point two-way equidistant face defined by the top and
point-GVG meetpoint, or to the rod-GVG edge for the plagiiom walls.

nar rod-HGVG. Just as the rod-GVG edges connect the end-
points of the one-tangent edges for the planar rod-HGVG, the )
second-order rod-GVG edges connect the endpoints of tA&- Connecting to a One-tangent Edge Cycle

second-order one-tangent edgesRif;. The second-order | je the second-order point-GVG edges, the second-order
rod-GVG edge is defined as one-tangent edges and the second-order rod-GVG edges do
_ L _ _ not actually connect two disconnected components of the rod-
CFunlre, = {_7 € RCy = D (9) = Di(9) = Du(q), HGVG. Rather, from their structures, the planner can infer
(DVDi(q) # VDi(q), VDi(q) # VDu(q),  thatthere is a disconnected component of the rod-HGVG and
VD.(q) # VD, (q)}. (22) make a connection to it. Here we describe how to make this
_ connection.
If the rod were smallCF,;,, |xc,, would be homeomorphic to  For the point-HGVG, the existence of a set of second-
S*, and there would be three second-order one-tangent edggger point-GVG edges, whose union is homeomorphic to
emanating from it. If the rod were lon@F;,, |xc,, would be  §! indicates that there could be a disconnected point-GVG
homeomorphic to the union of the closed interval®ofin  cycle, i.e., a point-GVG edge that is homeomorphistand
disconnected from any other components of the point-GVG
10.585 = {p € R3: 0 < di(p) = di(p), Vdx(p) # Vdi(p)}. : :
11. Note that this does not mean this configuration is on a one-tangent ed@@,hoset a_nd Burdick 20005_‘)- The pla_nner accesses a discon-
since there is no guarantee thiat — ¢;, PQ(¢)) = 0 atg. nected point-GVG cycle using a gradient ascent restricted to
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the distance function. Let this three-way equidistant config-
a one-tangent uration be denoted by'. Fromg’ the rod aligns itself to the
point-GVG edge defined bg;, C;, andC, by following the

1 edge cycle ’
' / solution of the curve

¢(t) = 7R unre,; v(c(t))

where r is a projection operator and(g) is defined as
v(g) = (75, (=Vdi (r:(g))), 0). In a sense, we move the
contact point between the rod afg towards the point-GVG
edgeF,;; while keeping the rod o€F;;; N RC;;. Figures 37
and 38 show the same environment as in Figure 37, but with
the links to the inner one-tangent edge cycle constructed. Also
note that there are some redundant links.

Fig. 37. The rod-HGVG in the same environment as Fig- :
ure 36, but with the links. Using the links, the planner cafi-6- Rod-occluding Edges

access and trace the inner one-tangent edge cycle. Theregig point-occluding edge for the point-HGVG is the set of
links from each of the configurations where a second-ordgpints onF;; where there is a discontinuity in the distance
one-tangent edge and a second-order rod-GVG edge intersgCihe second closest obstacle. The motivation for access-
each other. ing and tracing the point-occluding edge is to look for the
point-HGVG components that are not visible from the “cur-
rent” point-HGVG component. It is assumed that these in-
visible point-HGVG components are connected to the point-
F,, from the second-point GVG meetpoints. In practice, it 9¢¢luding edge. Thus, by tracing the point-occluding edge, the
computationally expensive to find a cycle in the point-GVdJlanner can access and start tracing the disconnected p_omt-
graph. Instead, the planner attempts to link to a point-GVG c}iGVG components. Recall that the components of the point-
cle at every second-order point-GVG meetpoint. This meafic VG are the boundary components of the second-order

that some redundant links are formed in the graph, while toronoi regions, which is defined on an individua}, and
time to search cycles is saved. thus if the point-occluding edge is not an isolated component

Now, note that if there is a point-GVG cycle, there can aIst the point-HGVG, it must intersect some other components

be a one-tangent edge cycle, i.e., a one-tangent edge thatfid1e Point-HGVG. _

homeomorphic t&* and disconnected from any other com- We could define the rod-occluding edge as the set of con-
ponents of the rod-HGVG. Just as the point-GVG cycle calipurations where the distance to the second closest obstacle
be linked from the second-order point-GVG meetpoint, thghanges discontinuously, which is analogous to the defini-
one-tangent edge cycle can be linked from the second-ordin Of the point-occluding edge. This, in turn, would imply
rod-GVG edge since the second-order rod-GVG edge is anifjat the rod-occluding edge is a boundary component of the
ogous to the second-order point-GVG meetpoint. Here, as?ﬁcond—order generalized Vo_ro.n0| region (whlch could be de-
the point-HGVG, we try to connect to a one-tangent edge cjin€d on the rod two-way equidistant faC&;;, i.e., the set of

cle from every second-order rod-GVG edge. Again, this wiffouble equidistant configurations) in the configuration space.

create some redundant links, while the time to search cyclEQWeVer, it should be noted that the other components of the
is saved. rod-HGVG are not necessarily the boundary components of

Since the second-order rod-GVG edge is a ondhe Voronoi region or any higher-order Voronoi region, which

dimensional structure rather than a zero-dimensional strc@uld be defined recursively on the boundary of the Voronoi
ture, we need to choose specific configurations at which thgdion- Thus, thereis no guarantee that the rod-occluding edge
connecting procedure starts. The natural choice would be tgfined as the boundary component of the second-order gen-
configurations where a second-order rod-GVG edge andeidlized Voronoi region intersects any other components of

second-order one-tangent edge intersect each other, since ﬁh@rrod-HGVG. _ _ _
are the nodes of the rod-HGVG. nstead, we define the rod-occluding edge in such a way

The linking is achieved in two steps. From a configuratiof'@t the rod “traces” or “tracks” the point-occluding edge.
q € CFunlre, NRulre,, therod performs a gradientdescenttdY fracing, we mean that a rod-occluding ed@€y|xc; is
C;., while staying orRC,;, untilit becomes three-way equidis- 9€fined such that the equation
tant toC;, C;, andC,. The rod is guaranteed to terminate on

a three-way equidistant configuration from the continuity of Vialr, = Yyerviaine, 1:(9) (23)
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One-tangent

gl L g edge cycle

One-tangent edge

\ Second-order

i i one-tangent edge

Links to a
one-tangent edge
cycle

Second-order
rod-GVG edge

Redundant links

Fig. 38. This figure shows part of the rod-HGVG in the environment shown in Figure 37 to illustrate, in more detail, the links
from the second-order connecting configurations to the inner one-tangent edge cycle. Note also that there are redundant links
to the one-tangent edges which do not form a cycle.

is satisfied, wheré&’, |, is a point-occluding edge. This im- The second condition, i.e., the condition ti&l;) is normal

plies that for any point in V|, there is a rod configu- tothe point-occluding edge, is in some sense arbitrary, and the
ration g in RVylcr, such thatri(g) = r;(g) = x. Now, rod-occluding edge can be defined in different ways as long
assume that a second-order point-GVG edge;, inter- asitsatisfies eq. (23). We use this definition because, from the
sects the point-occluding edgdg |, at a pointx’. Then, if simulation results of the point-HGVG in various workspaces,
eq. (23) is satisfied, there is a configuratipne RV |zc,, it is observed that, quite often, but not always, the point-
such thatri(¢) = r;(q¢") = Vulg, N Flr,. The configu- HGVG components intersect the point-occluding edge at an
ration ¢’ is not necessarily an element of the second-ordangle ofr /2. Thus, this definition of the rod-occluding edge
one-tangent edg®,|xc, sinceq’ may not be equidistant to could make it easier to connect the rod-occluding edge and
C, andC,. However, fromy’, we could reach a configuration the rod-HGVG components that intersect the rod-occluding
oNn RVy|gc, by sliding and rotating the rod around the poinedge.

X' = V,(,|F,.'/. N F;lr,, which is not difficult since the rod is  The rod-occluding edge can be accessed from a config-
already in the tangent spacef (because the rod-occluding uration in the one-tangent edge through a gradient descent
edge is defined oRC;;) and from the point;(¢), the tangent restricted taRC;;. The planner starts the linking procedure on
direction of F;|5, can be readily computed. Similar statethe configurationinthe one-tangentedge where the distance to
ments can be made about the point-GVG edge intersectitite closest obstacles attains alocal minima. The planner termi-
the point-occluding edge and the one-tangent edge associatates tracing the rod-occluding edge when (i) arod-occluding
with it. This means that if a point-HGVG component is conedge cycle is detected, and (ii) the rod-occluding edge inter-
nected to the point-occluding edge, the rod-HGVG structuisects another rod-occluding edge. Recall that for the point-
associated with that point-HGVG component can also be ed3G VG, it was not possible to determine the tangent direction

ily detected and reached froR\V,, |, - of the point-occluding edge precisely, and the planner in fact
With this in mind, we define the rod-occluding edge asraces the point-occluding edge in a zigzag manner. We can
follows: assume that a similar kind of phenomenon would happen in

the case of rod-occluding edges defined using the rod-distance
function. Then, it would not be easy to determine when the

RVilre, = {q € RC;; :ri(q) € Vulr, and rod should terminate tracing an occluding edge cycle, because
R(g) normal toV,|, }. (24) itis not generally possible to align the rod precisely along the
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6.7. Tracing the Rod-occluding Edge

The second-order one-tangent edges and the second-order /
rod-GVG edges can be constructed exactly the same way as 9
the rod-HGVG edges are constructed, as described in Lee, “
Choset, and Rizzi (2001). However, we cannot construct the
rod-occluding edge using the same technique, since the rod-
occluding edge is defined using the discontinuity of a function.
Recall that, even for the point-HGVG, it is not possibleFig. 39. First correction step. After making a prediction step
to trace the point-occluding edge precisely since the plannigy translating bysr (from ¢ to ¢’), the rod is in general not
cannot determine the precise tangent direction of the occludermal either to the occluding edge or the occluding face
ing edge. Likewise, we cannot expect the planner to trace thg. Left: the curved occluding edge. 8t is small so that
rod-occluding edge precisely either. Therefore, we present Hre occluding edge can be approximated by a circle, we have
approximate method to trace the rod-occluding edges. 0 = tam!(st/8o,). Right: the initial angle between the rod
First we make some observations. We define the poirend the occluding is not/2. The correcting is computed
occluding faceV,, as the set of points in the free workspaceby 8 = tan*(8¢/8oy), whereso,, is the change of the,; on
where the distance to the second closest obstacle changestiis-rod. Note that we have the same equation for both cases,
continuously. Then the point-occluding edyg|;, can be and can make a correction by rotating the rodbyesulting
defined as the intersection 8f, and F;;. Here, we assume in the configuratiorg”.
that given a rod configuratiop (not necessarily on a rod-
occluding edge), iR(¢) intersectsV},, we can find the point
of the intersection, denoteg,(¢). We also assume that we
can find the point, (o (¢)), i.e., the closest point on the ob-
stacleC, from the point,, (¢). Since we assume that we haveN¥ (g"), i.e., after the first correcting stef{q’) C N¥ (¢").

occ occ

a series of range sensors along the length of the rod, it wilhen while keeping the rod a¥* (¢"), the second correction
not be difficult in practice to find the point where the disstep brings the rod back on a configurationRg’;, which
tance to the second closest obstacle changes discontinuouatgording to the discussion above, is an elememRf| xc,,
Then, by definition of the point-occluding face, the line passlso.
ing througho,, (¢) andc, (0, (q)), denoted by¥ (¢), is tangent The first step can be carried out as follows. Assume that
to the boundary of the obstadlg (assuming, without loss of initially the angle betweeR(q) and V|, isw/2+ 6. Then,
generality,C; occludesC,), and also lies ofV,,. This means as shown in Figure 39, unlegs= 0, the point,(¢) changes
thatthere is a plang* (¢) tangenttd/,; alongl¥’ (¢). Finally, its location on the rod, and we can approximately compute
the correcting term a8 = tan(st/8o;,), whereét is the

if we consider the plan&/¥’ (¢) that intersectg’* (¢) ati*
and is normal td’* (g), it is not difficult to see thatv (¢) translational step size aia,, is the change i, (g) on the

point-occluding edge. However, with this definition, the rod q q g

can terminate tracing the occluding-edge when the poigy

becomes sulfficiently close to the pointg,) of the starting

configuratiory,, even if there is some error in the orientation. —===== T;QA Vi

oce oce occe
occ occ

is also normal td/,,, and more specifically¥ (g) is normal rod. Then, by rotating the rod lfyaroundo,,(¢) on the plane

occ

to Vi |5, at the pointp = V|5, N N¥ (g). This means that a defined byPQ(g) andPQ(g"), we can bring the rod on the

occ

configuratiory’ such thatR(qg’) C N¥ (q), can easily access N¥ (g').

the rod-occluding edge by sliding o’ (¢). Letg” denote the configuration after the first correction. In
Now we describe a tracing method for the rod-occludingeneralg” will not be an element of the rod-occluding edge
edge, which consists of two steps: (i) a prediction step; (ii) get and we need a second correcting step that brings the rod
correcting step. onto RC;;. For this, the rod performs a gradient descent of
The prediction step from a rod configuratigron the oc- the function{D; — D;, (PQ, ¢; — ¢;)}(¢), while keeping the
cluding edgeRVy,|xc,,, is a translation of the rod off,,,F;; rod on the planeVy (¢), which can be computed using the
(i.e., the plane tangent #; atr;(g)), in a direction normal to vectorsPQ(g) andc;(¢) — on(g) (Figure 40).
the vectoiPQ(q). After the prediction step, the rod would not ~ This is the description of the tracing methods for the rod-
be on the rod-occluding edge in general. More specificallpccluding edge. Note that for the first correction step, we as-
the rod might not be oiRC;;, and even if it is onRC;;, it  sume that after taking a prediction step, the rod still intersects
might not be normal to the point-occluding edge. the point-occluding face. However, since the point-occluding
Let ¢’ be the configuration after the prediction step. Thedge and the point-occluding face can have sharp corners, it
correction step works in two steps. First it brings the rod ontis possible that the rod may not intersect the point-occluding
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the deformation retract of a cell (called a subjunction region)
is a two-tangent edge or a rod-GVG edge. The two-tangent
edges and the rod-GVG edges in a single connected subjunc-
tion region form a connected set, making the planning in a
subjunction region trivial. In actuality, in this work, we are
defining a hierarchical piecewise retract: at the high level,
the rod four-way equidistant faces form one piecewise retract
connected by point-GVG edges and, at the lower level, the
two-tangent edges also form a deformation retract, which we
show form a connected set on the rod four-way equidistant
- faces.

Nfclc(q")i (¢") The second contribution of this work is that it uses the

w connectivity of the workspace to infer connectivity proper-

] ) ) ties of the robot’s configuration space. The one-tangent edges
Fig. 40. Second correction step: correcting oRiG;. From  gre ysed to connect the deformation retracts we defined, and
the configuratiory”, the rod corrects tg” which is inRC;;  thys guarantee the connectivity of the roadmap in configura-
by gradient descent. During this correction, the rod maintaigg,, space. However, the one-tangent edges are defined us-
tangency to the plan&;; (¢"). ing point-GVG edge, which represent the connectivity of the
workspace. In some sense, the one-tangent edges form the
backbone of the rod-HGVG, rather than the deformation re-
tracts, and the deformation retracts can be viewed as the struc-

face after the prediction step. Also, if initially the rod is tan—turﬁ" thfat Ilan: up the disconnected onﬁ—tangent ﬁdges.k
gent to the point-occluding edge, the rod will not intersect e factthatwe can use structures based on the workspace

the point-occluding face after the prediction step. Our curreﬁ(?poIogy as the backbone of the configuration space is not

work involves development of additional methods to solv§urloriSing given the fact that the configuration space we are
these problems considering is not just an arbitrary five-dimensional space, but

has some special structure, i.e., itis diffeomorphiRtoc S2.
This observation is related to the fact that we used the two-
7. Conclusion dimensional rod four-way equidistant faces as the deforma-
tion retracts instead of the five-way equidistant sets, i.e., the
In this paper we introduce a new roadmap, called th@d-GVG edges. One of the reasons why we use the four-way
rod-HGVG, for a rod-shaped robot operating in a threeequidistant faces is that they always exist for rod robots op-
dimensional workspace. This roadmap is defined in terms efating in bounded three-dimensional workspaces. Moreover,
workspace distance and therefore can be constructed usthg€eformation retraction to four-way equidistant faces can be
only range-sensor information and without ever constructir@sily defined using fixed-orientation gradient ascent, since
the configuration space. the configuration space for a robot with a fixed orientation
Although the definition of the rod-HGVG and its incre-is essentially the three-dimensional Euclidean space. From
mental construction procedure are contributions unto theriis observation, we believe that even for highly articulated
selves, we feel that there are some deeper conceptual cor@ots operating in two- or three-dimensional workspace, the
butions. The first is the piecewise retract. The configuratidfiree- and four-way equidistant faces (respectively) would
space for the rod-HGVG is five-dimensional, and, accordinge important components of the roadmap. These three- or
to homotopy theory, a one-dimensional deformation retract &ur-way equidistant faces (respectively) would not be one-
the space with dimension greater than two cannot be definéimensional, but the one-dimensional edges could be defined
Therefore, instead of defining a deformation retract for then them using additional constraints such as the tangency
entire free configuration space, the free configuration spagendition.
is decomposed into cells in which deformation retracts can In this paper, we assumed that range sensors along the
be defined. First, the rod four-way equidistant face defines &d have an infinite range. If the range sensors have only a
exact cellular decomposition of the free configuration spacBnite range, and the environment is sparse, the rod-HGVG,
where each cell is called a junction region and the deformas represented in this paper, could not be constructed in a
tion retract of a junction region is a rod four-way equidistangensor-based way, since the distance to the closest obstacle(s)
face. However, this deformation retract is two-dimensionaffom some of the edges may exceed the sensor range. In such
and thus we define another decomposition on it. That is, ti§@ses, to explore the environment, some form of coverage
two-tangent edges and the rod-GVG edges define another a#puld be needed to find obstacles that are out of sensor range
lular decomposition of a rod four-way equidistant face, wherom the current position of the robot. One solution would

-
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be to adopt a scheme similar to that used in Acar, Choset,
and Atkar (2001), in which they used a simple back-and-forth
coverage motion together with the point-GVG to efficiently
cover a two-dimensional unknown space with range sensors
with a finite range. In a three-dimensional space, we first need
to define lower-dimensional subsets of the space, and then
perform the coverage on lower-dimensional subsets.

Finally, as we mentioned before, this work is a step towards
the motion planning of highly articulated robots. The next
step is planning for a convex body. Then we will consider X Y
motion planning of a two-body robot operating in two- or
three-dimensional workspace. We believe these problems dgig. A1. World and body coordinate system for the rod.
give us some insight about the issues relating to more general
multibody problems.

Appendix A: Rod Gradient four-way equidistant t@;, C;, C, andC,, i.e.,q € CF,;.

, ) , ) Proving case (i) is trivial. Now, we prove case (ii), i.e., the
Here, we derive the rod d|stanc¢ gradient. In Figure X1, gradient ascent will eventually direct the rod onto #ig,,
Y, andZ denote the _World coor_dmate frame, akid Y., and when there are no five-way equidistant configuratiohs. Let
Z. denote the body fixed coordinate frame on R (the rod). L%tSkl = {x € Rd,(k) = d.Vd, # Vd)}, i.e. SS, is the
(x,y,2)" be the origin of the body fixed coordinate frametwo—way equidistant surface in the workspace. Then, since,
and letd, ¢ be the orientation of the body fixed coordinateOy assumption, the rod has same distanc€,tand C,, the
frame with.respect to the world coordinate frame. & be the setR(g) must intersecksS,. Figure B1 shows a rod config-
closest po!nt on the obstaotg to t.he robot and Ief bethe  ation which intersectS S,,. Consider the plane formed by
closest point tC; on the robot. Finally, leta, b, ¢)" be the 0 144 vectoPQ and the vector,c,. Then let the global co-
coordinates of in the body fixed coordinate frame. Then th&, jinate frame be located such that (i) the origin is located on
world coordinate of is P, (ii) the X- andY-axes are on the plane formed BQ and

x 4 a cost cosy — b sinb + ¢ cost sing ric. Then theZ-axis of the global coordinate frame is per-
r=| y4asindcosp +bcos +csinfsing |. pendicular to that frame. In that frame, the rod configuration
Z —asing + ¢ cosy isat(0, 0, 0, 0, 0) and the body fixed frame coordinateras

o ) ] (a, 0, 0) with some positive value. Note that in this coordi-
Then, following similar steps to the two-dimensional casfate system, the component of the gradient rotates the rod
(Choset and Burdick 1996), the first three Components of thﬁ]" the plane, and th@ Component of the gradient rotates

distance gradient are the rod out of the plane. We are interested infttoemponent,

9D 9D 9D 1 which, for the obstacl€,, is

s o s T :—[(I"X—Cx),(l"_‘.—C},),(VZ—CZ)].

ax  dy 0z Di(q) aD 1 <[ C oy O]T

—— = —\|C — s Cr — T .

The remaining two rotational components are 90 D\t
o1 cx — 1y aS6Cy + bCh + cSASy [a Sin6, —a; cosy, O).
— = < cy—ry |,| —aCOCp+ bSO —cCOHSp >
30 Di(q) c;— 717 0 Then, the two vector&;} — ric; — i, 0)" and(a, sinf, —a,

cosd, 0)" are parallel. Thus) D, /96 has a positive value, and
aD 1 Cx —Tx aC0Sp —cCOCy this means that the angle between the tangent plar&Sgn
9 "D \| YTy || as08¢HeShCy and the rod increases as a result of gradient ascent. Now, we
c; — Ty aCy +cCop . L .
i ) perform the same analysis witir;; the vectorr,c; is in the
whereC6 andS6 denote co§ and sirg, respectively. “opposite” direction of(a, siné, —a, cosd, 0)T and the coor-
dinate value o, is larger since, is on the “other side” of S, .
Appendix B: Accessibility Proof (Section 4.1) This means that the gradient f6y has a negative component
of aD,/36 on the plane defined BYQ andr,c;, with a larger
In this appendix, we demonstrate that a rod starting at a fowralue tharb D, /96. This decreases the angle between the tan-
way equidistant configuration will access either (i) arod-GV@ent plane and the rod. So, the gradient ascent decreases the
edge or (ii) a two-tangent edge via full gradient ascent of digngle between the tangent plane and the rod, thus forcing the
tance to the four closest obstacles. Assume that the rodr to become “tangent” to the tangent plane.
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(ak sin @, —ay, cos 0)
(arsiné, —a; cos 6)

(a;sin®, —a; cos 0)

Fig. C1. Given two pointsy; andx,, the distance between
Fig. B1. The rod is equidistant to obstaci€sandC,. The the closest points on the obstaaleandc,, from each point
closest points on the rod and each obstacles are shown. Ta@not be larger thah, which is smaller thai; — x,|.
rod intersectsSsS;, transversally. The rod is shown on the
plane defined byPQ andr,c.. In this figurer,c, is on the
same plane, but in general it may be on a different plane.

Appendix C: Continuity of the Mappings H and ‘A‘

HJ (Section 4.1)

In this appendix, we prove that the mappingsandHJ, de-
fined in Section 4.1, are continuous mappings. We do this
by showing that the general gradient ascent operation from a
fixed set of obstacles is continuous. Then, sificendHJ are

both gradient operations from fixed sets of obstacles, they are .
contiguous P y Fig. C2. When we rotatg, to g7, the distanceD;(¢) and the

Given two pointsy; andx, € R with [x; — x,| = A closest point on the roelg,) do not change.

and a convex obstaclg, let ¢; andc, be the closest points
on the obstacle t@, and.x,, respectively. Also, letl; andd, Now we considey,, andg.. Letc;r; be the vector defined
be their respective distances to the obstacle. Without l0ss 19 two points,c; andr;, and 1etPQ(g;) be the vector defined
generality, we assume thdl < 4,. If d, — d; > A, then py P andQ, the two endpoints of the rod at configuratign

dy > di + A = |c1 — x1| + |x1 — x2| > |c1 — x|, Whichis a  Giveng;, if 2(PQ(g;))(cir;) # /2, thenr, is on eitherP or
contradiction. Therefore, Q. For these configurations, we can find a rod configuration
g, such thatP(q;) = P(q)), ri = r], andZ(PQ(g))(c;r;) =
7/2'? (see Figure C2). So, givep, andg,, letg/, andg, be
Also, for ¢;, let S; and S, be the spheres centered enand  Such configurations for eaajj, andg.. Then, |r, —7,| =

x, With radii d; andd,, respectively, and letc, be the line 12 — 7,1, SO, without loss of generality, we can assume that
segment connecting ande,. Consider a line segment whoseZ (PQ(Gx)) (cnrn) = L(PQ(g2))(cor2) = 7 /2.

endpoints are on each sphere such that the segment itself does€t o: be the radius of curvature of the wall of the obstacle
not intersect the interior of either sphere. Since the centers@fci» andL be the length of the rod. Then

the sphere arg apart, the length of this line segment is at

|dy — do] < A.

|rm _r2| S M|(D(qm) +p(qm))®(qm)
mostA = |x; — x,|. Therefore,
—(D(q2) + p(g2))O(g2)]
ler = caf < . (25) < MmMax(D(g,), D(g2) + p)d(Gu 42)
Given two configurations of the rog; andg., let g,, be = Mmax(D(g.). D(g2)) + p)d(qs, q2)

the configuration such th&(g,) = ©(q1) and P(q.) = for some constan¥ (see Figure C3). Then, assuming that
P(Qz) Thenyd(%, qm) =< d(q1v 612) andd(qu Qm) =< d(%, q2) there is no “ﬂat” Wa.",,O < Pmax for some Constamma“ and

(Figure C1). Then, since the environment is bounded, i.©(q) < D,.., for
I =1l < 1P(g0) — P@)| < d(q1. 4u) < d(q1. ) SOMeD, .. Thus,

wherer, andr,, are the closest points on the rod to the obstacle lr — 12| = K'd(q1, 92)
at each configuration. 12.cf=c1. 7l =r.
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Fig. C3. Here,, andr,, are the closest points on the rod

from egs. (26) and (27),
|Vd,(r(H(q1, 1) — Vd;(r(H(gz, 1)) < Mid(q1, q2)
for some constan¥,. Since,
[(re—c1) — (rz = c2)| < (Ire = r2l + |e1 = c2)
< 2d(q1. 92).
it follows that

|Vd;(r1) — Vd;(r2)| < 2d(q1, g2).

at configurationsg, and g, respectively, and- is the Also, forU(g;) andU(q,)

point on the rod atg, corresponding to, at g,. Then,
[rw =12 < |y — 1, | +1r,, — 12| < LO+ (p(g2) + Di(g2))0.

whereK' = (D,... + pmax). Therefore, for any; andg,

[r1 — rul + [rm — 12|
d(q1, q2) + K'd(q1, g2) = Kd(q1, q2) (26)

for some constank = (1 + K’). Then, from egs. (25) and
(26),

|ry — 1]

=<
=

lcy — ¢o| < |ry—ra| < Kd(qa, q2) (27)

for somek.

Now, we want to show thafl (¢, ¢) satisfies the Lipschitz
condition with respect t@ in free space. First, for gradi-
ent ascent from the closest obstad#(g, ) = H(g) =
Di(H(q,1))V(D1(H(q, 1)), Which is

H(q.1) Dy(H(q,1))VDy(H(q, 1))

Vd(r(H(q. 1))
[ U(H(q.1) x Vd,(r(H(g. 1)) ] (28)

whereVd;(r) = (r —¢),andU(g) = r(q) — P(q). We want
to show that

|H (g1, 1) — H(ga, 1) < M1 — o]
for some constan¥/.
|H(q1,1) — H(g2, 1) =

[ Vd(r(H(q1, 1) ]
U(H(q1, 1) x Vdy(r(H(q1,1)))

l

|Vdy (r(H(q1, 1)) — Vdy(r(H (g2, )| =

Vdy(r(H(g2, 1))

U(H (g2, ) x Ve, (r(H(q2.1))) ] (29)

Since

[(r1 —c1) — (r2 — c2)|

<|r1—r2l+lc1—c2|

\U(H(q1,1)) — U(H(qz, 1))| |(r1 — P(H(q1,1)))
—(r2 = P(H(q2. 1)))|
|(ry — r2) = (P(H(q1, 1))

—P(H(q2. 1))

< |(r1—r)| +|P(H(q1,1))
—P(H(g2, D))
Therefore,
|U(H(q1,1)) —U(H(g2, 1)) = Mad(qs,q2)

for some constan¥,.
Hence,

\U(H(q1.1)) x Vdi(r(H(q1.1)))
—U(H(q2, 1)) x Vds(r(H (g2, 1))

= |U(H(q1. 1) x (Vdi(r(H(g1, 1)) — Vdy(r(H(g2,1))))
+(U(H(q1.1)) — U(H(q2, 1)) x Vdo(r(H(q2,1)))]

< |U(H(q1, 1)) x (Vdy(r(H(q1,1))) — Vda(r(H(g2, H)))|
+|(U(H (g1, 1) — U(H(g2. 1)) x Vda(r(H(g2.1)))|

< |U(H(q1. NI|(Vdy(r(H(q1. 1)) — Vds(r(H(g2. 1))l
+I(U(H(q1. 1) — U(H(q2, ))||Vdy(r(H (g2, 1)))]

< M'd(q1, 92)|U (H(q1, )| + M"d(q1, 42)]

Vdy(r(H(g2.1)))|
for some constants’ and M”. Since [U| < L and

|Vdy(r(H (g2, 1)) = Ir(H(qz, 1)) — c(H(q2, t))| < M" for
someM” from the boundedness of the environment,

|U(H(q1,1)) x Vd,(r(H(q1,1)))
—U(H (g2, 1)) x Vdy(r(H(q2, 1)))]
< Nd(q1, q2)

for somen.
So,H (g, t) also satisfies Lipschitz condition, i.e.,

|H(q1,1) — H(qz, 1)| < Md(q1, 42)

for some constan¥ for anyg; andg,. Therefore, there ex-
ists H(q, t) which satisfies the above condition and is also
continuous on and the initial condition, i.eq¢ (Brand 1966).
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For gradientascentwith double or triple equidistance, sinégppendix E: Proof of Lemma 2 (Section 4.5)
H(g,1) = n;V(Dy) or H(g,t) = V(D, — D,), etc., it also
satisfies the condition.

At this point, we could usé/ as our accessibility criterion
and our deformation retraction. From here we can conclu&
thatCF,;, is a deformation retraction of a junction regidn.  Proof. First we define some notation. Given a set of configu-
using H. In implementation we usé, which is defined as rationsSQ, let D,,;,(S) be
H=H(q,1)/D(H(q,1)).

Here we prove Lemma 2, which states that two adjacent rod
four-way equidistant faces are connected either by a one-
angent edge or a rod-GVG edge, but not by both.

Dmin (SQ) = qT‘SI‘rQ] D(Q)a

Appendix D: Proof of Lemma 1 (Section 4.4)
and, similarly, given a set of poinsP in R, letd,,, (SP) be
Here we prove Lemma 1 in Section 4.4, which states that

for two adjacent junction regiond;;; and J;;,, if the one- d,i,(SP) = msigd(x).
tangent edge?;;, = ¥, thenCF;;; andCF,;,, intersect each e
other. Recall that for a given configuratianin R;;;, D(g) = d(x,),

wherex, is the “contact point” between the rod and the point-
GVG edgeF;;. Let F,.j"fk be the set of “contact points” fat; ;..
R = {g9:0<Di(g) =D;(q) = Di(q), ThenF% C F. Therefore, we have

R(g) is tangent taF;;; }. (30)

Proof. First, we define

Note that SR;; does not have the conditio®,(q) < in (Fiji) = i (Fijy) = Doin (Rije)- (31)

Di(g), I # L k, andsR, always_ exists even '?"‘ doeg not.. Now, consider the configuration space for a rod with a fixed
Now SR, is a subset of the union of two adjacent junction

. . orientation, operating in the same environment, but without
regionsJ;;; andJ;;,,, and thus can be viewed as the structure_, _ . . . X .

g : ! . rotation. Then the configuration space for this robot is a three-
which connects the two junction regiodig, andJ;;,.

o . : . . dimensional Euclidean space, populated by convex obstacles.
Recall the definition 0CF,;,,, introduced in Section 4.5: Therefore, we can define a point-GVG-like structure in this

CFijum = {q € FS|0< Di(g) = Dj(q) = space. LetF;” be the point-GVG edge in a configuration
Di(q) = Dy(q) < D,(q), space for a rod, with the fixed orientatigh ¢), operating in
. the given workspace without rotation. Also we defiR§;”
o#m,i, j k,l}. ) .
andF;;;;,, similarly. Then we have
Clearly, CF;;;, C CFu/m, and if CF,;, intersects another
four-way equidistant fac€F,,,, forming a rod—G_VG edge dyin( Eﬁ’d’)) < dyin (Fiy0). (32)
CFjum, then one can sagF,;;,,, decompose€F,;;;, into two
sets:CF;;; and the seV;;; = CFiju/m \ CFju = {q : 0 < Now we prove the lemma. The proof is by contra-

D,(q) < Di(9) = D,;(q) = Di(q) = Di(g)}. Note that diction. Let us assume that botR, and CF,, are
Vi;u may not exist at all, iCF;;,; does contairlCF;;;;,. Onthe  not empty sets. Consider a configuratign in a rod-
other handCF;;;; may not exist whileV;;, exists. Finally, if GvG edgeCF, ;... Then(x(g,), y(¢,). z(q,)) is a five-way

bothCF,;,, andV,,, exist, therCF,,,, exists, Sinc&F;u, IS equidistant pointr;,*“” in a three-dimensional fixed-

a boundary betwee@F;;; and V.. orientation configuration space for a rod with the orientation

Now consider a configuratiopin SR;;; such that the con- 6(q.), ¢(q,)). By definition, this point is also Wfi(lqgm(qg»
tact point of the rod taF;, is F;;,,, a point-GVG meetpoint. f )b . . . v

! . : and F;,, , which are zero-dimensional. This means

At configurationg, D,.(¢) < Di(q). As the rod travels along OGN 06860 Ginea pOEn @) ooy p0a.66)
SR, away fromg “towards” the obstacl€;, there must be a i = Lijim - 2INCE i " ?ﬂq itk
configurationg’ whereD,, = D, i.e.,q' € CF},, and there are the endpoints of the point-GVG ed@§ ¢2%47 such that
is a configuration” in the neighborhood af’ (onSR;) such  F™"*“” and F;,"" " are the same point, means that the

that D,.(¢") > Di(q"). Since we assume th&;, does not point-GVG edgef;, """ itself consists of only one point,

exist, at¢g”, D; > D,. From the continuity of the distance, .., (x(g,), ¥(q)s 2(q)).

we haveD,(q)) = D;(q') = Di(¢). If equality holds, then |n other words, the pointx(¢,)., y(¢.). z(g,)) is the only
¢’ is an element oCF,;,,,,. If inequality holds, this implies point of F_(;ok(qgwqg»_ Using egs. (31) and (32), we have
thatD,,(¢") = Di(¢") = D;(¢") = Di(¢") < Di(g). This, in !

turn, means thaf’ € V;;,, and, from the comment above, this D(g) = d(x(q,).y(q).2(q,)

implies thatCF,,,, is not an empty set. Thus, in both cases,
CF;;; andCF,;,, must intersect each other; that@F, ;;,, is
not an empty set. O < dpin(Fijt) < Dyin(Riji), (33)

(0(gg).0(qg))
== dmin(Ejk ¢ ¢ )
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ie.,
D(q,) < Dyin(Rij0)- (34)

This is true for allg, in CF,;,,,. Now let us consider the con-
figurationg, in R, D(q,) > D,..(R;;). Recall that accessi-
bility implies that there is a configuratioH (¢,, 1) in CF,;y
such thatD(H (g¢., 1)) > D(q,), but this is impossible from
eq. (34). Therefore, itis not possible that b&h andCF,;,,,
are not empty sets. O

Appendix F: Proof of Lemma 4 (Section 4.5)

Here we prove Lemma 4, which is that a two-tangent edge

Rij;u is a one-dimensional manifold. The proof is by showFig. F1. Rod configuration is represented usifigZ-Euler
ing the gradient og;;,.,, which defines the two-tangent edgeangles. The vectaris a vector on the y-plane, normal to the
implicitly, is full rank, and concluding that the two-tangentprojection ofPQ onto thexy-plane §is also normal t&*Q),
edge is a one-dimensional manifold by the pre-image thegndt is a unit vector normal t€Q ands. Therefore, we have
rem (Abraham, Marsden, and Raitu 1988). the following relationshipstPQ/) xt = s, t x s = PQ/!

Proof. Recall that the two-tangent edd@e,,, can be consid- ands x (PQ/1) =t.

ered as the roots of

Qi = g" - gk (35) First note thaPQ and the line defined by + un;(c) (u €
P P R) must intersect always (Figure ¥R Therefore, using the
Q- (e —¢)) expression for the distance between two lines, we have
We show thatR;;,,, is a one-dimensional manifold by (PQxN)-(P—c)=0 37)

showing that the differential of;;,.,, dg;;;«, has a full rank

(Canny 1988). Note that the first three rows are just the diffeThis should be satisfied as the rod makes a differential motion,
ences between the distance function; thus, the differentialssid we have

these rows are just the differences between the distance gra-

dient of each object. The last row, however, requires a careful d((PQxn)-(P—¢)) =0

consideration.

To derive the differential oPQ - (c; — c;), first, we derive by taking the differential of eq. (37).

Thus we have

dPQ. Since
[ cosH cosp 1
PQ=| Isindcosp |, (n; x PQ)" ((=DiL,, + D(c;))+PQxn)"[ 0 | =0
—Ising 0
we have (38)
0 0 0 -—Isinfcosp —Icosdsing
dPQ=| 0 0O 0O I[coshcosp —Isingsing |. T T 0
000 0 —I cosg (n; x PQ) ((_DiLq + 1)(Ciy)) + (PQ xn;) 11]1=0
0
Let s = [—sindcosp cosdcosp O] andt = (39)
[—cosdsing — sindsing — cosp]” (Figure F1). Then
we have 0
dPQ=[0 0 0 Is It ]. (N x PQT (=D, Ly, + I)(c.)) + (PQ x )T ( 0 ) ~0
Note that botls andt are normal tdPQ. Now, we derive the 1
equation for d;, which we denote (40)
de: = [c- Ciy Ci. Cip C'«b] eR¥>5 ¢ ¢ ¢ Cigs Cig € R3 13. In the figure, the notation is a little sloppy. To be more pre&iget+ dPQ
i ix iy iz i i s “ixs Miys Mgy Higs Vi .

36 should be writterPQ + dPQdg wherePQ € R3, dPQ € R3*5 and dj =
(36) (dx dy dz do dg)T € R® and so on.
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i PQ sincen; = (r; — ¢;)/|ri — ¢;| = (r; — ¢;)/D;. Therefore, the
! first row of dg;; ., IS
NQdPQ %’j/kl
" n —n;
[ fniani D, —dD)" = | un,—n))-s |eR®
dci’ cidci u(n; —n;) -t
wheren; —n; € R®, (47)

and the second and third rows have similar forms. The fourth
— row of dg;;,x is

Fig. F2. PQ and the line defined by; + un (1 € R)

must intersect, i.e.(PQ x n;) - (P — ¢;) = 0, and thus @PQ- (e =) = (AP —¢))

d((PQ x n,) - (P — ¢;)) = 0. Also note that, whem; is an +d(e; —¢))"PQ (48)
interior point of PQ, as shown in this figurePQ must be =dPQ'(¢; —ri +r; —¢;)
normal ton;, thusPQ-n; = 0 and dPQ - n;) = 0. +d(c; —ri +r; —¢;)"PQ (49)
= DidPQT(_ni +n;)
+d(—n; +n;)TPQ. (50)
(N x PQ ((=DiLe, + D(eip)) + Usxny) - (P —¢;) =0 So, our goal now is to show that the last row of eq. (43) is
(41) linearly independent of the other rows of eq. (43). We do this
in three cases, depending on the locatiom;@ndr; on the
rod.
(n; x PQ)T ((_DiL(',- + I)(Ci¢)) +dtxn)-(P—-¢)=0
(42) Casel (r; = r; = P). In this case, we have = 0, and
therefore
whereL, denotes the Weingarten map (Thorpe 1979¢of
at pointp, i.e., n, —n;
L,(V) =—V,n. (dD;, —dD))" = 0 . (51)
0
Now, we derive the differential of;;,:
dD, — dD, Note that in this casg, = 0 andc;, = 0, so eq. (48) becomes
_ | dp—dp;
deim=|  gp _dp, |KT 43 APQ- (c; =) = (APQT(c; —c))
d(PQ- (¢; — ¢))) +d(c; — ¢;)"PQ (52)
Recall that (e —¢;) - PQ
(Ciy - Cj).) -PQ
(dD,-)T — = (C,-y — ij) . PQ . (53)
l r—c lS' (C,' —_ C/)
= (ri—c¢) - (~uSOCh uCoC¢ 0) It-(e —cp)
Dil (i—¢)-(—uCOS¢ —uSOSh —uCo)
c R (44) Recall thats andt are the last two columns ofRf). Since

bothis- (¢; — ¢;) andit - (c; — ¢;) cannot be zero at the same
time (if so, that would imply(c; — ¢;) is normal tot ands,

whereu = | P — r;|. Usings andt defined above, we have o . o
u= i g and then this implies that; — ¢;) is parallel toPQ, which is

1 r—c not possible), so the fourth row is linearly independent of the
@dp)" = o { (r, — ¢;) - (uS) :| (45) first row.
"L =) (ut) Case 2 (r; isan interior point of PQ). In this casePQ

n must be normalte, —c¢; = D;(n;),i.e.,PQ-(r,—¢;) = 0,and
= n; - s | € R® wheren, € R® (46) after a small movement of the rod, this condition must also
n; - (ut) be satisfied and thugEQ - (r; — ¢;)) = 0 also (Figure F2).
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So, using(r; — ¢;) = D;n;, we have

0 = dPQT(ri —¢) +d@r; — Ci)TPQ (54)
dPQT(r,- —¢)+ Did(ni)TPQ (55)
Lcicix
Lc, Ciy
= dPQ'(ri —c¢;)—D;| L.c, |PQ. (56)
Lci Cig
LCi Cigp
Therefore, we have
L(rici,\‘
Lciciy
dPQT(”i —c) =D, L.c;, PQ. (57)
LL‘,- Cig
L.ci

Fig. F3. Wherr; is an interior point ofPQ, PQ, andn; are
normal to each other. Also note that the vector- D; L., )c;,
lies on the plane defined bQ and n; x PQ, sincec;,
lies on the tangent space 6f at ¢;, and L., (c;,), which

Substituting eq. (57) into eq. (49), we have (see Figure F3)iS the change of the normal vector along the direction

(a - D[LC;)Ci.x) . PQ
- DiLr,')Ciy) . PQ
((I = DiL;)ci.) - PQ
((I = D;L)ci) - PQ
- DiL<ri)Ci¢) . PQ
((I = D;L.))c;,) - PQ
(s Dch,)ij) -PQ
- (- D/ch)c_iz) . PQ
(- D/Lc,)cjg) . PQ
(e Dch‘,)qu,) -PQ

dPQ- (ci —cp)' =

(58)
Sincer; can be represented as
ri = ¢ + Din;,
we have
rig = Cip+ Digh; + Diny (59)
= i+ u(s-n)n; — D;L;(c;q) (60)
(I — D;L;)ciy +u(s-n)n;, (61)

usingD;, = us- n;**andn,, = —L;(c;,), Or we can write

(I — D;L.,)cip = rig — u(s-nyn;. (62)

We can derive similar equations for the other coordinates.
Substituting eq. (62) and similar equations for the other coor-

dinates into eq. (58), we have

PQ- (r;, — ”_/x)

PQ- (ri, — rjy)
dPQ-(ci—c)N'=| PQ-(riy—r1;) |. (63)

PQ- (r;y — "_/9)

PQ- (riy _rj¢)

14. Asin eq. (36)D;y denotes the differential d; in 6 coordinates, etc.

of ¢,,, also lies on the tangent space ©f at ¢;. Finally,
note that eqgs. (38)—(42) involve the expression of the form
(n; x PQ)T ((=D;L,, + I)(c;,)) and eq. (58) involves the
expression of the formn; x PQ) - ((—D,L,, + I)(c;,)).
That is, those equations have the expression foPQend

n;, x PQ components of the vectq—D;L., + I)(c;,). The
same can be said of , ¢;_, etc.

Now, we show that this vector is linearly independent of
eq. (47) and, for this, it is enough to show that the three-vector
whose components are the first three elements of eq. (63) is
linearly independent of the three-vector whose components
are the first elements of eq. (47), which is, in fact, parallel to

n; —n;. (64)

Note that eq. (64) is also parallel ¢p— c;.

Now, we only need to consider the translational motion of
the rod since the first three components of eq. (63) represent
the differential in translational coordinates. A translational
differential motion of the rod can be decomposed imtdPQ,
andn; x PQ components, which we can write as

dh = dhy, + dhpg + dity, po- (65)

gor this motion, the differential changesdncan be written as
(66)

Note that for the motion in the; direction, dz,,, the change
inr,; is exactly the same a#g. For motion in thé>Qdirection,
r; does not change. Forg .ro, the change im; is parallel to
the tangent space @f; at¢; (and not necessarily parallel to
dhy, «pg). SO We can rewrite eq. (66) as (Figure F4)

dr; = dri,, + dripg + drip, «po-

dr; = dry, 4+ dripg + drip, e
= dhy, + 0+ (dhn,«po + dupg).,

(67)
(68)
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rearranging eq. (76), we obtain

dC,’ = (I — D[Lq)fl(dr,‘ —nNn; [ n;r Is- n; It- n; ])

(77)

I(t—(t-n)n;)

I3 —nin] !
= —DL,)™"| I(s=(s-n)ny) | . (78)

Note thats — (s- n;)n; andt — (t - n;n;) are the respective

Fig. F4. Translational motion of the rod can be decomposé&@mponents aéandt, which are parallel to the tangent space

into three directionsn;, PQ, andn, x PQ. of C;. LetU; = (15,5 — n;n]). EssentiallylU; projects a vec-
tor onto the tangent space 6f at¢;. Then, eq. (78) can be
rewritten as

de; = = DiL) Ui [ Ixs Is It ]. (79)

Here, dpq is the change of; in the PQ direction, whose

. = — . -1 . i i
magnitude is linear on the magnitude éf,d.ro, i.€., Now, letW; = (I — D;L,)~U;, and substituting eq. (79)

into eq. (48), we have
dveq = a;|dn «polUpe: 69)  @dPQ- (e =)' = (APQT(c; —¢)) +d(c; — ¢)'PQ
= Di[ Os Is It ] (=ni+n)

whereugg is a unit vector parallel t€Q. Then, we have
+ (W [ Iy Is It ]

PQ-r, = PQ:(dhy + 0+ diy g W[ e Is 1t ])PQ (80)
+a;|dhy, «polUpg) (70) 0
= «|PQI|[dhn, .pql (71) = | ID;s-(—=n;+n))
ID;it-(—n; +n;)

whereg; is a proportional constant.
Therefore, for the first three components of eq. (63) we
have +

(W, — W)TPQ
IST(W, — W)™PQ |. (81)
ItT(W, — W))TPQ

[ cilinpa = ¢jUn<ro ] (72) If (W, — W,)TPQis not linearly dependent of — n;, which
are the first three components @) — D;), d(PQ- (c; — ¢;))

which cannot be parallel i, —n;. is linearly independent of@; — D;). If (W, — W))TPQ is

Case3(r;, =r; = Q). Inthis case, d =dQ, i.e. linearly dependent om, —n;, one can writd W, — W,)"PQ =
K(n; —n;). Then, eq. (81) becomes
1 00 .
dy=do=| 0 1 0Is It |, (73) APQ- (i =)’ =
0 01 KM —n)
wheresandt are three-dimensional column vectors as defined ID;s- (n; —n) +1KS[(n; —nj) |, (82)

ID;it-(n; —n;) + 1Kt} (n; —n;)

above. Since
which cannot be parallel to/@®; — D;) for D; > 0. Thus, we
¢ =r,—Din, (74 conclude that for each of the three cases, a two-tangent-edge
is a one-dimensional manifold. a
we have
dc; = dr; — dD;n; — D;n, (75) Appendix G. Proof of Lemma 5 (Section 4.5)

fr— —_— . T . . . . . . .
= dr, n‘[ n; ls-n Iten, ]+D‘L‘f(dc’)‘ (76) Here we prove Lemma 5, which states that a two-tangent edge

has one connected component on a rod four-way equidistant

SinceC; is convex and, is defined to be the normal VeCtorfaceCFW homeomorphic 2.

pointing away from the obstaclg, the curvatures are nega-
tive. Then,(I — D;L,,) is non-singular since the eigenvaluesProof. First, let us consider a rod with zero length, denoted
of (I — D;L,,) are the principal curvatures, afif > 0. Thus, [,. In other words/, is a point with direction. Fol,, each
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Rij,.; has one component homeomorphicSto This is true hierarchical decomposition in terms of critical points and
because if any configuratia belongs toR;;,«, then all of Voronoi diagramsProceedings of the 2001 |IEEE/RSJ In-
the configurations with endpoints located at the same point asternational Conference on Intelligent Robots and Systems
the endpoint of;,, and having the direction such that they are (IROS), Maui, HI, October.
tangent toF;;, also belong taR;;,,;. This is because all such Aurenhammer, F. 1991. Voronoi diagrams—a survey of a fun-
configurations occupy the same workspace volumg znd damental geometric data structudM Computing Sur-
hence all such configurations are four-way equidistai;to veys 23(3):345-405.
C,;, Cy, andC,, and do not intersect any of the obstacles. NowAurenhammer, F. and Klein, R. 2000. Voronoi diagrams.
imagine the change iR;;,;, as the length of the rod increases Handbook of Computational Geometry, J. Sack and G.
in the same environment. (We still assume g, is home- Urrutia, editors, Elsevier, Amsterdam, ChapterV, pp. 201—
omorphic toS? in this process.) Now assume that for some 290.
value of the length, we have®;,,;, with two or more com- Borenstein, J. and Koren, Y. 1998. Real-time obstacle avoid-
ponents. Sinc&;;,;; changes “continuously” as the length of ~ ance for fast mobile robotEEEE Transactions on Systerms,
the rod changes, this means that there must be some “critical” Man and Cybernetics 19(5):1179-1187.
length of the rod at which either one component shrinks tBrand, L. 1966Differential and Difference Equations, Wiley,
a point or two components intersect each other transversally. New York.
However, this means that at this “critical” lengi®,,,, is not Bredon, G. 1995.Topology and Geometry, 3rd edition,
a manifold. This is contradictory to Lemma 4, which does not  Springer-Verlag, Berlin.
depend on the length of the rod. TherefoRg,, can have Brooks, R. A. 1983. Solving the find-path problem by good
only one component. O representation of free spa¢EEE Transaction on Systems,

Man and Cybernetics 13(3):190-197.
Appendix H: Index to Multimedia Extensions Brooks, R. A. and Lozano-Pérez, T. 1983. A subdivision al-

_ o . gorithm in configuration space for Findpath with rotation.
We have included some animations of the rod tracing the rod- Proceedings of the International Joint Conference on Arti-

HGVG in three dimensional spaces (see below). The multi- £ Intelligence, Karlsruhe, Germany, August, pp. 799—
media extension page can be found at http://www.ijrr.org. 806

Extension 1 shows the rod exploring a rectangular e”CIQIanny,. J. F. 198&he Complexity of Robot Motion Planning,
sure shown in Figures 20 and 21. In this example, there is \y T press Cambridge, MA.

no rod-GVG edges since the rod is “short”. Therefore, th@,qet H. and Burdick, J. 2000a. Sensor-based motion plan-
rod-HGVG forms a connected set with only the one-tangent ning: the hierarchical generalized Voronoi grapfierna-

edges (shown in sky blue) and the two-tangent edges (Shownyjnal Journal of Robotics Research 19(2):96-125.

in yellow). _ Choset, H. and Burdick, J. 2000b. Sensor-based motion plan-
Extension 2 shows the rod exploring the space shown in g incremental construction of the hierarchical gener-

Figure 22, a rectangular enclosure with a wall in the middle. ;i-ad Voronoi graphinternational Journal of Robotics
In this example, there are the rod-GVG edges (shown in pink) pecearch 19(2):126-148.

near the both ends of the room. Choset, H. and Burdick, J. W. 1996. Sensor-based planning
for a planar rod robotProceedings of the IEEE Interna-
Table of Multimedia Extensions tional Conference on Robotics and Automation (ICRA),
Extension Type Description Minneapolis, MN.
1 Video  The rod-HGVG in a rectangular  Choset, H. and Lee, J.Y. 2001. Sensor-based construction of
environment, without a retract-like structure for a planar rod robi&EE Trans-
the rod-GVG edges action of Robotics and Automation 17(4):435-449.
2 Video  The rod-HGVG in a large Chuang, J. H. and Ahuja, N. 1998. An analytically tractable
rectangular environment, potential fidel model of free space and its application in
with the rod-GVG edges obstacle avoidanceéEEE Transactions on Systems, Man

and Cybernetics — Part B: Cybernetics 28(5):729-736.

Cox, J. and Yap, C. K. 1991. On-line motion planning: case
of a planar rodAnnals of Mathematics and Artificial In-
telligence 3:1-20.

Abraham, R., Marsden, J. E., and Raitu, T. 198@nifolds, Dattasharma, A. and Sathiya Keerthi, S. 1995. An aug-
Tensor Analysis and Applications, 2nd edition, Springer- mented Voronoi roadmap for 3D translational motion
Verlag, New York. planning for a convex polyhedron moving amidst con-

Acar, E. U., Choset, H., and Atkar, P. N. 2001. Complete VeXx polyhedral obstacle$heoretical Computer Science
sensor-based coverage with extended-range detectors: al40(2):205-230.
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